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Abstract 

The aim of this work is to develop a global calculus for pseudo-differential operators acting on 
suitable algebras of generalized functions. In particular, a condition of global hypoellipticity 
of the symbols gives a result of regularity for the corresponding pseudo-differential equations. 
This calculus and this frame are proposed as tools for the study in Colombeau algebras of 
partial differential equations globally defined on 1". 
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1 Introduction 

Colombeau's theory of generalized functions has been developed in connection with nonlinear 
problems, see [3, 15, 19], but it is also important for linear problems [14]. In particular we 
are interested in the development of the pseudo-differential calculus in the frame of generalized 
functions and tempered generalized functions [9, 13, 14, 16, 17]. 

In Section 2 of this paper we recall the basic notions of Colombeau's theory, Colombeau-Fourier 
transformation and weak equality [3, 7, 8, 11, 14, 15, 17], considering in place of the more usual 
Q T (R n ) [7], a new algebra of generalized functions Q Tt s(M. n ) containing S (W 1 ). More precisely, 
following arguments similar to Radyno [1, 18] , in our construction we substitute the ideal J\f T (M n ) 
of G T (M. n ) by the smaller A/"s(R n ), modelled on S(R n ). The choice of <? T ,s(R n ) is motivated by 
the existence of a subalgebra of 5-regular generalized functions, denoted by Q^(M n ), for which 
we prove the equality Gf(R n ) C\ S (W 1 ) = S(R n ). This result of regularity is inspired by the 
local version given by Oberguggenberger [15], and a first global investigation, involving S (R n ) 
and 0A/(R n ), proposed by Hormann [11]. 

In Sections 3 and 4 we collect some preliminary arguments necessary for the definition of pseudo- 
differential operators acting on Q Tt s(W n ) and their global calculus. In detail we consider symbols 
and amplitudes depending on a parameter e G (0,1], whose global estimates involve a weight 
function A(a;,£) [4, 5], and powers of e with negative exponent [13, 14, 16, 17]. 
The definition of pseudo-differential operators on G Tt s(W l ) with corresponding mapping proper- 
ties, a characterization of operators with 5-regular kernel and the comparison with the classical 
pseudo-differential operators on S (M n ) and <S(R n ) are the topics of Sections 5 and 6. Starting 
points for our reasoning are [13, 14, 16, 17] and for the classical theory [4, 5, 21]. 
The relationship with the work [13, 14, 16, 17] of Nedeljkov, Pilipovic and Scarpalezos, where 
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a definition of generaiized pseudo-differentiai operators acting on Q T (R n ) is given, is evident in 
the estimates on e, while the elements of novelty are the choice of the weight function A in place 
of the standard (£) and the generalization, to the Colombeau setting based on Q T: s(R n ) and 
Q^(R n ), of the classical global calculus. 

In particular, in order to deal with the composition formula, we present in Section 7 a genera- 
lization of the well-known Weyl symbols. By means of this technical tool, we prove that the 
composition of two pseudo-differential operators acting on G Tt s(R n ) coincides with the action of 
a pseudo-differential operator in the weak or g.t.d. (generalized tempered distributions) sense. 
The introduction of suitable sets of hypoelliptic and elliptic symbols in Section 8, allows us to 
obtain, through the construction of a parametrix, an interesting result of regularity, modelled 
on the classical statement that if A is a pseudo-differential operator with hypoelliptic symbol, 
u G S'{R n ), f G S{R n ), then Au = f implies u G S{R n ) [4, 5]. 

Finally, let us emphasize that applications of Colombeau algebras to the study of PDE's in 
[3, 7, 8, 9, 15] concern mainly local problems; our calculus and our definitions of Q Tj s(R n ) and 
Gg>(R n ) are proposed as tools for the study of equations globally defined on R n . At the end of 
the paper we give some examples, considering above all partial differential operators of the form 
P = Yl( a /3)£A Ca^^D 13 , where A is a finite subset of multi-indices in N 2n and the coefficients 
c a fi are Colombeau generalized numbers. 

2 Basic notions 

In this section we recall the definitions and results needed from the theory of Colombeau ge- 
neralized functions. Since we do not motivate the constructions and we do not provide proofs, 
we refer for details to [3, 7, 8, 10, 14, 15, 16, 17, 19]. We begin with considering the simplified 
Colombeau algebra on an open subset of R n . This is obtained as a factor algebra in the 
differential algebra £[tt] of all the sequences (« e )ee(o,i] of smooth functions u e G C°°{£i). In the 
sequel we use in place of (u e ) eg (o,il the simpler notation (u e ) e . 

Definition 2.1. We call moderate the elements of £[£l] such that for all K CC ft, for all 

a G N n , there exists N G N, such that 



The set of these elements is a differential algebra denoted by 

Definition 2.2. We call negligible the elements of£[Q] such that for all K CC fl, for all a G N - ' 
and for all q G N 



•A/"(0), the set of these elements, is an ideal of £m{Q), closed with respect to derivatives. 
The Colombeau algebra of generalized functions is Q(Q) = £m{^) /M^l). 
Let ip G S{R n ) with 



sup e N \\8 a 
ee(o,i] 



Ue\\L°°{K) < °°- 



sup e 

£6(0,1] 



q \\d a u e \\ L oo {K) < oo. 




and 




(2.1) 



for all a G N n , As usual we put 



6">(f). 



(2.2) 
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Using the convolution product we can easily define the following embedding of £' (Q) into £(fi): 

i :£\n) -+g(Sl) : ((w*<p e )\si) e +M(Q). (2.3) 

This map can be extended to an embedding i of T>' (£1), employing the sheaf properties of Q{£l) 
and a suitable partition of unity, and it renders C°°(d) a subalgebra. Moreover in Q(VL) the 
derivatives extend the usual ones in the sense of distributions. 

In order to talk of tempered generalized functions, we introduce the following subalgebras of 
S[R n ]. 

Definition 2.3. £ T (W l ) is the set of all elements {u e ) e belonging to £\R n ] with the following 
property: for all a G N n there exists N G N such that 

sup e N \\(x)~ N d a u e \\ L oo( VL nj < oo. 
ee(o,i] 

Definition 2.4. M T (M. n ) is the set of all elements (u e ) e belonging to £[W l ] with the following 
property: for all a G N n there exists N G N such that for all q G N 

sup e~ q \\(x)~ N d a u t \\ LO c( Rn ) < oo. 

e6(0,l] 

The Colombeau algebra of tempered generalized functions is by definition the factor £/ r (M n ) = 
£ T (R n )/J\f T (W 1 '). It is a differential algebra containing the space of distributions S (M n ), where 
the derivatives extend the usual ones on S (R n ) and 

O c (R n ) ={f€ C°°(m : 3N G N : Va G N n , IK*)"^/^^) < oo} 

is a subalgebra. In particular the embedding is done by 

i : S'{M. n ) -» g r (M n ) : w ->■ (w * ^ e ) e + A/" r (M n ). 

If / G Oc(IR n ), we can define the constant embedding a(f) = (/) e + ^/" T (M n ), and in this way 
the important equality i(f) = a(f) holds in Q T (R n ). 

The constants of Q(M n ) or respectively Q T (M n ), constitute the algebra of Colombeau generalized 
complex numbers C. It contains C and is defined as the factor C = £ ,m/No, where £ = CK ' 1 ! 
and 

£ oM = {{h e ) t G £ : 3N G N : sup e N \h e \ < oo}, 

ee( °' 1] (2.4) 
M = {{h e ) e G S : Vg G N, sup e _9 |/i e | < oo}. 

«e(o,i] 

The generalized complex numbers allow us to integrate on W 1 an arbitrary element of Q T (W n ). 
In the sequel we denote a representative of u G Q T (R n ) with (u e ) e G 5 T (M n ). 

Proposition 2.1. lei « G ^ T (M Tt ). T/ien 

/ u(x)dx := I / n e (x)^(x)cix J +A/" , 
where (p t is as in (2.2), is a well-defined element ofC, called the integral of u overW 1 . 
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The article "the" in the expression "the integral of u over R n " has been used cum grano salis, 
since different variants of integrals are used and studied earlier, e.g., in [11, 14]. We collect now 
the main properties of the integral in Q T {R n ): 

i) let u G GriW 1 ) and / G S(R n ). Then for all a G N n 

[ d a u(x)i(f)(x)dx = (-l) |a| / u(x)i(d a f)(x)dx; 

JR n JR n 

ii) let w G S'(R n ) and / G S(R n ). Then f i(w)(x)i{f)(x)dx = ({w,f)) e + Af a ; 

JR n 

iii) \etfeS(R n ). Then f i{f)(x)dx = ( I f(x)dx) + M a . 

JR n \ JR n J e 

Using this definition of integral we introduce in Q T (M. n ) a weak equality. 

Definition 2.5. u and v in Q T (W l ) are equal in the sense of generalized tempered distribution 
(or weak sense) iff' for all f £ 5(M n ) 

(u — v)(x)i(f)(x)dx = 0. 

n 

We write u = g .t.d. v. Then = g .t.d. is an equivalence relation compatible with the linear struc- 
ture and the derivatives in Q T (M. n ). From ii) it follows that S (R n ) is a subspace of the factor 

g T (R n )/ = 9 . t . d .. 

There exists in <7 T (R n ) a natural definition of Colombeau- Fourier transform and anti-transform. 

Definition 2.6. Let u £ Q T (R n ). The Colombeau-Fourier transform of u is given by the repre- 
sentative 

r v u e (Z) = [ e-^u e (y)^(y)dy. 
The Colombeau-Fourier anti-transform of u is given by the representative 

T; Ue (y) = [ e ^ Ue (omn, 

where cf£ = (2vr)- n ^. 

One can easily prove that the previous definition makes sense: in this way J~ v , respectively J-*, 
defines a linear map from C/ T (IR n ) into g r (R n ). Moreover the following properties hold: 

i) and T* extend the classical transformations on 5(M n ); in other words for all / € 5(M n ) 
Jv(t(/))=t(/) and ^(»(/)) = »(/); 

ii) for all u e g T {R n ) and for all / G S(R n ) 

/ Tipu(x)i(f)(x)dx = / u(x)i(f)(x)dx, 

/ T*u(x)i(f)(x)dx = / u(x)i(f)(x)dx; 
Jr.™ JR n 

iii) for all w <G 5'(M n ), T<p(i(w)) = g . t .d. and T*(i(w)) = g . t .d. i(u>); 
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iv) in general u / T^T^u / T^T^u, but u = g . t .d. FpF<pU = g . t .d. F<pf%,u; 

v) for all u G Q T {R n ), a G N n , F v (i(y a )u) = i^d^T^u and T*J,i{y a )u) 

vi) for all u G G T {R n ) and a G N n , {-i)\ a \j : ip {d a u) = gXA , i(y a )J : v u and 
^"^(e^u) = g .t.d. i{y a )F?pU, while the equalities in Q T (R n ) are not true. 

As a consequence in order to obtain the usual properties of Fourier transform and antitransform, 
we consider the definition of and J 7 * on the factor Q T (R n )/ = g .t.d.- 

We conclude this section by reporting some results concerning regularity theory. The star- 
ting point for regularity theory and microlocal analysis in Colombeau algebras of generalized 
functions was the introduction of the subalgebra Q°°{£l) of Q{Q) by Oberguggenberger in [15]. 

Definition 2.7. Q°°{p) is the set of all u G G(£l) having a representative (u e ) e G £m(&) with 
the following property: for all K CCfi there exists N G N such that for all a G N n 

sup e N \\d a u e \\Loo(K) < oo. (2.5) 

£6(0,1] 

In [15], th.25.2, the identity Q°°{VL) n P'(fi) = C°°{VL) is proved. We introduce now a suitable 
algebra of 5-regular generalized functions on R n . At first we consider another differential algebra 
containing S (R n ) and <S(M n ), where the ideal satisfies an estimate of rapidly decreasing type. 

Definition 2.8. We denote by G T ,s^ n ) the factor £ T (R n )/J\fs(R n ), where M s (R n ) is the set of 
all (u e ) e G £[R n ] fulfilling the following condition: 

Vq, (3 G N n , Vg G N, 
sup e~ q \\x a d^u e \\ loo (j^n) < oo. ft-®) 

£6(0,1] 

Since M s {R n ) C M T {R n ), S' (R n ) is a subspace of £ T ,s(M n ), and for all / G S{R n ), (f-f*(p e ) e G 
A/"s(R n ) implies the embedding as subalgebra of 5(]R n ) into Q Tt s(R n ). For simplicity we continue 
to denote the class of w G S (R n ) in Q Ti s(R n ) with i(w). Obviously Proposition 2.1 and the 
corresponding properties of integral hold with Q T: s(R n ) in place of Q T (R n ). 

Proposition 2.2. T v and J 7 * map Q T ^(R n ) into £ T ,s(M n ). 

Proof. It suffices to prove that (u e ) e G Af s (R n ) implies (J^u e ) e G A(s(IR n ) and (u e ) € G Af s (R n ) 
implies (F*u e ) e eN s {R n ). □ 

All the properties of the Colombeau- Fourier transform mentioned above hold in Q Tt s(R n ) as 
well. 

Definition 2.9. An element u G G Tt s(R n ) is called S-regular (or u G G<?(R n )) if it has a 
representative (u e ) e such that 

3N G N : Va,/3GN n , 
sup e N \\x a d^u e \\Loo(^n^ < oo. ft-?) 

£6(0,1] 
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We observe that any representative of an 5-regular generalized function, satisfies (2.7), because 
for the elements of Ms(R n ) this property holds. In this way if we set 

£g'(R n ) = (J £g(R n ), 

where 

£<• (R n ) = {{u e ) e G f [R n ] : Va,/3 G N n , sup e JV ||s a ^u e || L oo (R n ) < oo}, 

£6(0,1] 

we can define Q^(R n ) as the factor £^(R n )/M s (R n ). Obviously if u = (u e ) e + 7V 5 (IR n ) € 
^JP(M n ), then the generalized function (« e ) e +7V(M n ) belongs to g°°(R n ). We observe that if 
(u e ) e G £^(R n ), then {u € ip' e — u e ) e G A(s(]R ra ). This result allows us to eliminate the mollifier ip in 
Proposition 2.1 and Definition 2.6, in the case of u G Q'g'iW 1 ). More precisely, for u G Q<?(R n ), 
T^u = (u e ) e + M s (R n ) and ^ = (u e ) e + M s {R n ). 

Proposition 2.3. F v and J 7 * map £J?(M n ) into g^(R n ). 

Proof. It remains to prove that if (u e ) e G £g > (M. n ), (^ r ¥ ,u e ) e belongs to £^(R n ). In particular we 
show that (u e ) e G £<? (R n ) implies (^u e ) e G £^(M n ). In fact since, for all y G R n and e G (0, 1], 
|<9 7 (— iy) l3 d a ~ 1 u € (y)\ is estimated by a constant multiplied by (y)~ n ~ 1 e~ N , we have that 

I^^WOI < E c 7 / ^(-il/)^ -7 "^!/)!^ < (2.8) 

Analogously we obtain that (^"*u e ) e G £J°(R n ). □ 

We conclude this section investigating the intersection of Qg 3 (W l ) with tS'(M n ). Inspired by [15], 
Theorem 25.2, and [11], Theorem 16, we obtain the following result. 

Theorem 2.1. 

G^(R n )ns'(R n ) =S(R n ). 

Proof. The inclusion S(R n ) C £J?(M n ) n<S'(K n ) is clear. Let to G <S'(IR n ). We assume that 
i(w) belongs to g^ 1 (R n ). Denoting w * (p e by w e , as a consequence of Proposition 1.2.21 in [10], 
(We) e +Af{R n ) G a°°(M Tt ) n V'(R n ), and then, from Theorem 25.2 in [15], we already know 
that w is a smooth function on IR n . Moreover, since (w<pl) e belongs to S(R. n ) for every e and 
(/5(0) = 1, taking e as small as we want, we conclude that w G C°°(IR n ). Now from the definition 

of g^{R n ) 

3N G N : Vet, [3 G N n , 3c> : Ve G (0, 1], Vx G M n , 

(2.9) 

\x a d^w e (x)\ < ce~ N . 

(2.9) implies the following statement: 

3N G N : Vm G N, Va G N n , 3c> : Ve G (0, 1], Vx G K n , 

( 2 -!0) 

\(x) n+1 A m (x a w € (x))\ < ce~ N . 

From (2.10) it follows that 

3N G N : Vm G N, Va G N n , 3c> : Ve G (0, 1], 
\\A m (x a w e )\\ LliRn) <ce- N . 
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Using Fourier transform we conclude that 

\\(A m (x a w e )T\\ Lac{Rn) <ce- N , (2.12) 

thus 

II I a 1 2m ace / II 

We want to prove that (2.13) implies the following statement 

Vm G N, Va G N™, 



ler^^)!!™^^. (2.13) 



(2.14) 

) 



If (2.14) holds we obtain our claim. We argue by induction. At first we verify that 

VmeN, |||£| 2m ™||L°o( K «) <oo. (2.15) 



Assume to the contrary that || |£| 2m w||,Lo°(iRn) = oo for some m. There exists a sequence 



{£,■} C W 1 , -> +oo, such that 

fen^)l-+oo. (2.16) 
Since (2.13) holds for arbitrary m, we have in particular that 

\b\ m wm${<s)\<<x- N \ti\- N - 1 - ( 2 - 17 ) 

Since (p(0) = 1, there is r > such that |<^(£)l > 1/2 when |£| < r. We define 

e^r^r 1 . (2.18) 
Then |£(e^-)| > 1/2, and (2.17) implies that 

l^n^Ol^cr-^IOr 1 - (2-19) 

This contradicts (2.16) because \£j\ — > +oo. 
In order to complete this proof we assume that 

Vm G N, Va G N n , |q| < k, 
\m 2m d a w\\ LX{Rn) < ^. 

We want to prove that 



(2.20) 



(2.21) 



Vm G N, Va G N n , |a| < A; + 1, 
m\ 2m d a w\\ L oo {Rn) <oo. 
As before we suppose that 

3m G N, 3a G N™, |a| < k + 1 : |||C| 2 ^^IU-(R") = oo. (2.22) 

Then we find a sequence {£j}jeN C M n , such that — > +oo and 

I0| 2m |^(e,)l ^+oo. (2.23) 
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We choose m — s = m, with 2s > N. From (2.13) we obtain 



1 2m 

(3<a 



By induction hypothesis, all terms involving a derivative of order f3 < a are bounded by a 
constant times e"^. We arrive at 

\^\ m \^{^m<i)\ < ce~ N U~ 2s , (2.25) 
which leads to a contradiction with (2.23) as before. □ 

3 Oscillatory integrals 

We describe the meaning and the most important properties of the integral, depending on a real 
parameter e, of the type 

f e iuj ^a e (x) dx, 

with phase function uj and amplitude a e , satisfying suitable assumptions. In many proofs, we 
refer to [4, 5, 6, 20] for details. 

Definition 3.1. co G C°°(IR n \ 0) is a phase function of order k > 0, uj G <£ fc (lL ra ) for short, if it 
is real valued, positively homogeneous of order k, i.e. ui{tx) = t k ui{x) for t > 0, and 

Vw(x) + for x / 0. 

Definition 3.2. Let m G R and lei. We denote by AfiW 1 ) or Af 1 for short, the set of all 

generalized amplitudes (a e ) e6 ( ,i] £ £[IR n ], satisfying the following requirement: for all a G N n , 
there exists N G N such that 

sup e N \\{x) l \ a \- m d a a e \\ L o a(Rn) <oo, 

£6(0,1] 

where (x) = (1 + \x\ 2 ) 2 . 

We observe that for fixed e G (0, 1], a e (x) belongs to the class considered in [4, 6]. It is immediate 
to verify that A™ is a linear space with the following properties: 

i) if m < m and I > l\ then Af C A™' ; 

ii) if (a e ) £ G ^ and (6 e ) e G AT 1 ', then (a e 6 e ) e G ^ m+ £\v 

iii) if (a e ) £ G ^ then for all a G N n , (d Q a e ) e € A™~' H . 

Definition 3.3. Lei N G N. Afj V (M n ) or AJ l N for short, is the set of generalized amplitudes in 
AY 1 such that for all a G N n 

sup e N \\(x) l ^- m d a a e \\ L oo {Rn) < 00. 

£6(0,1] 

The elements ofD^A^ are called regular generalized amplitudes. 
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It is clear that every A™ N is a linear subspace of A™. Moreover 

i) if m < m , I > l' and N < N' then A^ N C AJ N r, 

ii) if (a e ) e G ^ and (6 e ) e G ^„ then (a e b e )e € A^'^^r, 

iii) if (a e ) e G ,4^, for all a G N™, (9 a a e ) e G -4^'"'. 

The classes in [4, 6] are subsets of A™q with elements not depending on e. Before stating the 
theorem on definition of oscillatory integral, we recall a useful lemma proved in [4]. 

Lemma 3.1. Let to G $ fc (M n ), a G C°°(M n \ 0) and x G C^°(M n ) vanishing in a neighbourhood 
of the origin. Then for every N G Z, + there exists cjv > 0, depending only on uj and \, such that 
for every [i > 



/ 



e^ kw ^a(M)x(y)dy 



<c N ^ kN sup sup n^\d a a(ny)\. 

\a\<N y&supp x 



Theorem 3.1. Let (a € ) t G Af 1 , uj G <& fc with 1 — k < I < 1. Let if) be an arbitrary function of 
<S(R n ) with ip(0) = 1 and (j) any function in C^°(W l ) such that 4>(x) = 1 for \x\ < 1 and 4>(x) = 
for \x\ > 2. Then for all e G (0, 1] 

lim / e iuJ ^a t (x)ij(hx)dx = lim / e iuJ ^a e (x)(f>(2^ x)dx, 

i.e. the two limits exist in C and have the same value 1(e). Moreover 

3N G N, N > : ViV > N, 3M G N : Ve G (0, 1], 

|/(e)| < c||a e ||jv < c'e" M , 



(3-1) 



where ||a e ||jv = sup ||(:r)'' a ' m d a a € \\ ^oo m n \ , c does not depend on tp,(j),a,e, and c does not 

\a\<N 

depend on tp, <fi, e. 

Remark 1. If I = and k = 2 we can choose N as the least integer greater than m + n + 2. 
(See the proof of Theorem 0.1 in [4], p. 14-16) 

Remark 2. If (a e ) e G A™ M , the second line of (3.1) is valid, with M, coming from the definition 
of regular generalized amplitude, independent of N . 

Let (a e ) e G A™, u) G & k with 1 — k < I < 1. For fixed e, we recall that the definition of oscillatory 
integral is given by 

/ e ioj ^a e (x)dx:= lim / e iuj(x) a t (x)i>(hx)dx 

= lim / e iuJ ^a t (x)<f)(2- j x)dx. 

Theorem 3.1 shows that the net ( [ e^a,( x)d x) belongs to £„,„. We conclude this section 
with some useful properties. 
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Proposition 3.1. Let uj G $ fe (IR™) a polynomial phase function, (a e ) e G £[R 2n ]. We assume 
that: 



i) (a e (x,y)) e G Af 1 ^) with 1 - k < I < 1; 

V/3 G N n , 3m(/9) G R; (d^a e (x,y)) t G ^™ {/3) (M™); 
«; Va, P G N n ; 3M G N: Vr > 0, 



sup e M (x) l ^- m ^\d^d^a e (x,y)\ < oo. 

xeR",|i/|<r,e6(0,l] 



T/ien for all e G (0,1], b e (y) = [ e iuj( - x) a e (x,y)dx G C°°(1R™), /or every /? G N n , d\(y) = 
/ e iuj{x) d^a e (x,y)dx and in addition (6 e ) e G fM(R n )- 

Proof. Choosing G C£°(lR ra ) under the hypothesis of Theorem 3.1, we write for e G (0, 1] and 

y G W l 

b e ( y ) = [ e iujix) a e (x,y)dx = lim I e iw{x) a e {x lV )4>{2- j x)dx. (3.2) 

We define bj >e (y) = / e lu} ^a e (x,y)(j)(2~ : ' x)dx and we have b e (y) = lim bj >e (y). From the hypo- 
thesis 6j, £ G C°°(]R n ) and for all G N n 

dPb jt M= I e i ^dla e { X ,y)(t>{2^ X )dx. 



In order to obtain the assertion, it suffices to show that for e G (0, 1] and arbitrary (5 G N n , 
{c^&j,e}j converges uniformly on compact sets of M n . Using Lemma 3.1, with = — 

0(2x), we conclude that 

ViV G Z+ 3 CiV > : Vy G M n , Ve G (0, 1], 
- #Vi, e (y)| < c 7V (^,x)2^ n - Arfc ) sup 2^8*8% a e {Vx,y)\. 

\a\<N,xEsupp x 

From hypothesis ii) and iii), we have that 

ViV G Z+ A/" > m( ff fc + _ n 1 +1 , 3M G N : Vr > 0,Vy G M n , |y| < r, 
|#\ £ (y) - ^6 j _i, e (j/)| < c N e~ M 2^ n - N ^ sup 2 ^l(2^r^-'H f3 3) 

|a|<JV,l/2<|x|<2 V ' 

< 4 e -M 2 ^((l-*-fc)iV + m(/3) + n) < 4^3-^ 

where the constants do not depend on e and j. This result completes the proof. □ 

We summarize in the following, without proofs, other properties used in this paper. 

Proposition 3.2. Let (a e ) e G A™ and (b e ) e G Af . Letuj G & k with l — k<l<lbea polynomial 
function. Then ( e - iuJ d a {e iuJ b e )) e G A^ al and 

j e i ^ x) d a a e (x)b e {x)dx = (-l)H / e i ^ x) a e {x)e- iuj(x) d a {e luj(x) b e {x))dx. 
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Proposition 3.3. Let (o e ) e G ^( R " x E ?)> w G $ fc (M n ), r? G wi/i 1 - jfe < I < 1. 

fl* * - , ^ T„ e „ „ h&ve ( /^»)*) * • 

f / e^o e (a;,y)^ G and 

\JRP Je 

I jM*)+v(v)) ae ( Xi y)dx dy = 

jR n +P 

[ jrfa) I e iu >Wa £ (x,y)dx dy = f e iuj ^ [ e^ y) a e {x,y)dy dx. 

JRP jR n jR n JRP 

Proposition 3.4. Let (a e ) e G A™ with -1 < I < 1. T/ien 

/ e- iyri a t (y)dydr] = [ e~ iyrt a t (r])dydr] = o e (0). 
Jr 2 ™ jr 2 ™ 

4 Symbols and amplitudes 

We introduce in this section the symbols and amplitudes, involving weight functions in their 
estimates, used in our definition of pseudo-differential operator acting on £/ T) s(IR n ). In the 
following for / and g, real functions on W, we write f(z) ~< g(z) oniC MP, if there exists a 
positive constant c such that f{z) < cg(z), for all z G A. Here the constant c may depend on 
parameters, indices, etc. possibly appearing in the expression of / and g, but not on z G A. 
If f(z) -< g(z) and g(z) -< /(z), we write f(z) ~ 5(2) . We refer to [2, 4, 5] for details in the 
classical setting. 

Definition 4.1. A continuous real function A(z) on M. 2n is a weight function iff 
i) there exists fx > such that {z)^ -< A(z) -< (z) on R 2n ; 
11) A(z) ~ A(C) on A = {(z, C) : |C - z\ < fiA(z)}; 
Hi) for all t in R 2n , A(tz) -< A(z) on R 2n , 
where tz = (tizi,t 2 z 2 , .■.,t 2n Z2n)- 
We recall that: 

- from ii) it follows that A(z) is temperate, i.e. 

A(zHA(CK*-C>; (4-1) 

- combining ii) and iii) we obtain that for all t and t in R 2n 

A(t'z + t"CHA(C)<*-0; (4-2) 

- from (4.1) it also follows that for any sgR 

A(z) s ^A(cr(z-C) |s| (4.3) 

and more precisely for s < 

A(z)^(l + A(C)(z-C)- 1 ) s . (4.4) 
In the next proposition we combine the preceding estimates in a more general form. 
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Proposition 4.1. Define \ s (x,y,£,) 
Then 



A(x,Z) s (x-y) s , s>0, 
(l + A(x,0(x- y r 1 ) s , s<0. 



A(v x + v y, £) s -<; min(A s (x, y, £), X s (y, x, £)), 
for all s G R, v ,v G W 1 , provided (x, y) — ► (v x + v y, x — y) is an isomorphism on R 2n . 

Let us observe that starting from i) and ii), one can always find A(z) G C°°(R 2n ), with A(z) ~ 
A(z), satisfying i), ii) and the property 

V7GN 2 ™, |d 7 A(z)H A 1 — 1^1 (^). (4.5) 



In this way we do not lose generality if we assume that for the weight function (4.5) holds. 

We recall that if V C (R^) 2n is a complete polyhedron with set of vertices V(V), and the 

estimate < po = (mm ieV ^-p^ y < p± = (max^y^^Q} I7I) < p holds, where p is the 

1 

formal order of the polyhedron (for definition and details, see [4], p. 20-22), then A-p(z)^ := 

{YljeVCP) z 21 ) 2m * s an exam ple °f a weight function. For instance if V is the triangle in R 2 
of vertices (k, 0), (0, h), (0, 0), k, h G N \ {0}, and z = (x,£) then we get the weight function 
A(z) = (1 + x 2k + ^ 2/l )2max(fc,h) _ Now we can introduce our sets of symbols. 

Definition 4.2. Let m G R, p G (0,1], A(z) &e a weight function and z = (x,£) G R 2n . VFe 
denote by <S™ p (R 2ra ) or 5™ p /or short, the set of symbols (a e ) e G ffR 2 ™] fulfilling the condition: 



Va G N 2n , 3JV G N, 3c> : Ve G (0, 1], Vz G 
\d a a e (z)\ < cA{z) m ~P\ a \e- N . 
Remark 3. It follows from Definition 4-2 that 

\d a a e (z)\ < cA{z) m - p ^e~ N < c ( z )™+-wW e -N \ (4.6) 
where m + = max(0, m). In other words S™ p C J^p ■ 

Definition 4.3. Let m G R, p G (0, 1], A be a weight function and iVeN. We denote by S™ p N , 
the subset of the elements of S™ p satisfying the property: 

Va G N 2n , 3c> : Ve G (0, 1], Vz G R 2n , 
\d a a € (z)\ < cA(z) m -^ a l e - 7V . 
The symbols of 'Utv<S™ n are called regular. 

Let us emphasize that in Definition 4.3 the integer N is independent of a. 
In [4, 5] the authors consider as symbols the elements of 5™ p0 which do not depend on e. 
Moreover every (a e ) e G S™ , for fixed e, can be considered as a symbol in [4, 5]. The presence 
of the parameter e tending to in the definition of symbols, resembles the constructions of 
semiclassical analysis, (see [21], pages 432-448, and [12]). However, it is simple to see that if, for 
instance, a(x,£) is a classical symbol with weight A(x,£) = and p = 1, the semiclassical 

variant a e (x,£) = a(x, e£) is not, in general, a regular symbol in the sense of Definition 4.3. In 
fact for |/3 1 large enough 

\d%a e (x,0\ < c({x,eO) m ~ l(Sl < ce m -^((x,0) m ~ l(Sl - 
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Definition 4.4. Let m G M., p G (0, 1] and A fe a weight function. We denote by N™ p , the 
subset of the elements of S™ p satisfying the property: 

Va G N 2n , G N, 3c> : Ve G (0, 1], Vz G E 2n , 
\d a a e (z)\ < cK{z) m -p\ a \ei. 
We call them negligible symbols of order m. 

Now we turn to the extension of the classical theory and list some basic results, the proofs of 
which are elementary and thus omitted. 

Proposition 4.2. For a fixed weight function A, we have that: 



i) ifm<m , p>p , N <N , then S^ N C S™ p%N >; 



u) if{a e ) e G S£ PiN and (b e ) e G S™ p N , then (a e b e )e G S™+™ +N , and 
(a e + 6 e ) £ G«S^ ax(m '7') , • 

v ' A,p,ma,x(N,N )' 

in) if (a e ) e G «ien /or aH a G N 2n , (d Q a e ) e € S^'f 1 ; 

iv) if (o e ) e G S^ P)7V iften /or a// C € E 2n (T c a e (z)) e = (a e (* - C)) e G S^ N . 

The previous four statements hold, without the third subscripts N, N' etc., for the elements of 
S™ p and N™ p respectively. 

Definition 4.5. We call smoothing symbols the elements of 

s -°° = u s kp,n =un s i p ,n- 

NeN NeNmeR 

Proposition 4.3. (a e ) e is a smoothing symbol iff there exists N G N such that for all a, (3 G N 2ra 

sup e^Hz" L oo( K 2n) < +CO. 

£6(0,1] 

Proof. In order to prove the necessity of the condition, it suffices to choose m G E, with pm < 
— \a\ and to observe that 

\d^a e (z)\ < cA{z) m -^e~ N < c{zY m e~ N , 

where N does not depend on m and f3. On the contrary suppose that (a e ) e satisfies an estimate 
of rapidly decreasing type. For arbitrary weight function A, p G (0, 1] and m G E, we have, if 
m - < 

\d p a e {z)\ < c(z) m ~^e- N < cA(z) m ~ p ^e' N , 

and if m — p\(3\ > 

\d P a e {z)\ < c { z )^ m ~p\P\) e - N < c'A{z) m - pm e- N , 

where p depends on A. □ 

As a consequence of this proposition, the definition of S~°° is independent of the weight function 
and p G (0, 1]. 
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Remark 4. N 00 := |^| J^a jP is characterized by the following statement: 

Va, P G N 2n , Vg € N, 

sup e L oo( R 2n) < +OO. 

ee(o,i] 

We record now some examples of symbols. It is obvious that if a(z) is a symbol of the type 
considered in [4, 5], a £ (z) := a(z)e b , b G R, is a regular symbol according to Definition 4.3. Other 
examples are given by the following polynomials. 

Proposition 4.4. Lei A be an arbitrary weight function and let a e (z) = Yla&A Ca ^ za ^ e a 
polynomial with coefficients in £ , where A is a finite subset o/N 2n . There exists r G R depending 
on A and .4 smc/i i/iai i/ie following statements hold: 

i) if every (c Q)£ ) e G £ ,M then (a e ) e G<SJJ 1JV /or a suitable JV£N depending on the coefficients 



VI 



\) if every {c a , e ) e G A/" G i/ien (a e ) e G A/J r 



Proof. We begin by recalling that from Definition 4.1, -< A(z) -< (z) for /i > 0. In the 
sequel we write k = max oe _4 |a| and A" = max ae ^iV a , where |c a>e | < c a e~ Na for all e G (0, 1]. 
Therefore, 

\a e {z)\ = \Y J Ca,eZ a \<c 1 e- N Y J {z) H <c 2 e- JV A(z)t, z G M 2 ", e G (0, 1], (4.7) 

and for 7 G N 2n , 7 / 0, 

|3 7 a e (z)| < cie _JV < c 2 e _JV A(.z) £ _h, l, z G M 2n , e G (0, 1]. (4.8) 
aeA 

In conclusion (a e ) e G 5^ 1 ^ with r = Analogously we can prove that (c a>e ) e G A/" , for 

every a e A, implies (a e ) e G A/J v □ 

As a consequence of Proposition 4.4 we can associate to the polynomial J2 a eA Cq2;Q e t ne 
class (X^qg.4 c a,e-2 a )e + -^a i as an element of the factor 1 jy/A/X i- Let us consider the more 
general set of polynomials J2@£B c /3( x )£ /3 e £(R n )[£] where £ is a finite subset of N n . We obtain 
the following result. 

Proposition 4.5. Let A(x,£) 6e an arbitrary weight function. 

If b e (x,£) = J2(3eB c pA x )^^ with ( c f3,e)e G ^m(K"), 6e/on#s to Sl p then every {cp, € ) e is a 
polynomial in x with coefficients in £ ,m- 

If b e (x,£) = Y,peB c pA x W '> with ( c /3,e)e G N(M n ), belongs to M'^ p then every (c a , e ) e zs a 
polynomial in x with coefficients in Mo- 
Proof. For every fixed e G (0, 1] we are under the assumptions of Proposition 1.2 in [4] . Therefore, 

for | 7 | > r/p, for all G B and x G R n , SP'cp^x) = 0, i.e. C/J , e (x) = E| 7 |<r/ P 87c ^ (0) x 7 . At this 
point the conclusion is obvious. □ 

From the previous proposition we have that if ^/3gb c f3( x )£ £ £/Q^ n )[£] i s an element of the 
factor S^p/N^p then every cp(x) belongs to C[x]. 

Formal series and asymptotic expansions play a basic role in the classical theory of pseudo- 
differential operators. In the following we generalize these concepts to our context. 
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Definition 4.6. We denote by FS™ pN the set of formal series X^=o( a j>)ej such that for all 
j G N, (aj, e )e G <S\p at following assumptions hold: 

- niQ = m, the sequence {rrij}j^ is decreasing with mj — > — oo; 

- /or a// j ; ATj < N. 

Definition 4.7. Lei (a e ) e G £[M 2n ] and £°l ( a j>)e G FS a,p,n- 

Yl^=o( a j,e)e is the asymptotic expansion of (a e ) e and we write (a t ) e ~ Sfco( a .?>) e ^ 



V 3=0 J 6 



Theorem 4.1. For any YlfLo( a j,e)e G F^TpN there exists (a £ ) e G ^TpN suc h that (a e ) e ~ 
Sj^=o( a i:<:)e- Moreover if (a' e ) e ~ X^=o( a j>)e difference (a e — a' e ) e belongs to S^^ N . 

Proof. We start by considering V G C°°(R) such that ^(t) = for i < 1 and ^(i) = 1 for i > 2. 
We define for j G N, Xj G M + 

6,, = ^{XjA{z))a j>e {z). (4.9) 

Our aim is to verify that for a suitable decreasing sequence of strictly positive numbers Xj , such 
that Xj — > 0, the following sum 

oo 

(a e ) £ = j> i>e ) e 

defines an element of S™ pN and it has 5^j*Lo( a .?>)e as asymptotic expansion. We observe first 
that the sum in (4.10) is locally finite, since 

supp b jj€ C supp tp(XjA) C = {z G M 2n : AjA(z) > 1} (4.11) 

and, by definition of the weight function, 

R 2n \ Dj C{z£ R 2n : [z| < cAT 1 ^}. (4.12) 

Moreover for all j, Dj+i C and for / 0, supp (XjA(z)) is contained in the region 
{zeR 2n : 1 < AjA(*) < 2}. 

In order to obtain the claim we show that for all j G N, {bj >e ) € G S^ pN , and more precisely for 
all 7 G N 2n 

\dn^)\<c hl K{z) m ^e- N , (4.13) 
with c J)7 independent of Xj. To prove (4.13) we observe that 

d~%M = £ ^( fc )(A J A(z))fe J - fci7 , e (z), (4.14) 

*<|7| 

where (bj t k,^,t)e G 5™^ ^' 7 ' with estimates independent of Aj. In fact, if | — y | = 0, (4.14) holds 
with estimates of required type, and by induction, if (4.14) is valid for |— y | = h, we have 

a^a^,, e (z)=^V {fc+1) (A,A(.))A,^A(z)6,, fc)7 , e (z) 

fc<|7| 

+ ^V (fc) (A,A(z))^.6 J - fc , 7 , e (z), 
k<| 7 | 
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where in the second sum, (d^bj^^^e belongs to <5™^^' 7+1 ', with estimates independent of 
Xj. We obtain the same result for the first sum, considering that the weight function is an 
element of S\ 1 and as a consequence for z G supp ip( k \XjA), we can write Xjd^d Zj A(z) -< 

We prove now that for every r > 1, (a e — aj j€ ) f G <S^ pN . This will give (a e ) e G S^ pN and 

3=0 

(a e ) e ~ Ejlo( a i^)^- We write 

/ r—l \ r— 1 J=s oo 

j=0 ' j=0 j=r j=s+l 

The first term of the right-hand side is an element of 5™p^v' 7 ' since (oj i€ ) e G 5™ p and ^> — 1 G 

C£°(M); in the second term (<9 7 6j ie ) e G 5™^ ^' 7 ' C 5™^^' 7 '. It remains to estimate the third 
term of the right-hand side. We assume s > \j\ such that m s < m r — 1, and remembering (4.13), 
we choose Xj satisfying the following condition 

c j „\ j <2-*, for | T | < j. (4.15) 

We obtain then for j > s, by using (4.11), 

\d~<b ji6 {z)\ < c jn A{z) m ^ p ^e~ N < 2~ j Xj 1 A(z) mj ~ p ^e~ N 

< 2-iXj 1 A(z)- 1 A(z) mr -P^e- N < 2~i A(z) mr - p ^e- N . 

Suppose finally that (a' e ) e ~ X^=o( a j>)e- Then, for every r > 1 

r— 1 \ / r—l 



(4.16) 



(a e - a e ) e = ( «e - E a i>* ) - ( a 'e ~ E a i' e ) G 3 



'A,p,JV 

j=0 



and (o £ - a^) e G n m S^ P ,iV = «S a ~jv D 

In Definition 4.6 and Theorem 4.1 we can omit the assumption m J+ i < rrij. In this case the 
meaning of (a e ) e ~ Ejlo( a i^)^ is ~ EpX>) e G «5^ )JV for every r > 1, where m r = 
maxj> r (mj). 

Definition 4.8. Let m G R, p G (0, 1] and A be a weight function. We denote by 5™ p (IR 3ri ) or 
<S Ap /or short, the set of all amplitudes (a £ (x, y,£)) e G £[M 3 ™] fulfilling the condition 



Va, /3, 7 G N™, 3N G N, 3c> : Ve G (0, 1], V(x, y, G 



(4.17) 



with 

K,m', a ^V^) = A(*,0™<* " V)™' (1 + A (^)<* - y)-™y^ + ^l (4.18) 

/or a suitable m G K independent of derivatives. 

Interchanging 3N G N i/rti/i Va,/3, 7 G N™ m (4.17) we define the subset S^ pN of S A p . The 
amplitudes of 'Ujv5a,o,jv are called regular. 
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The smooth amplitudes discussed in [4, 5] are elements of Sj^ p and for fixed e, a £ (x,n,£) can 
be considered as in [4, 5]. 

Definition 4.9. Let m G R, p G (0, 1] and K be a weight function. We denote by A/*a jP i/ie 
subset of S™ p of all the elements satisfying the property 

Va, A 7 € N n , Vg G N, 3c> : Ve € (0, 1], V(x, y, G R 3n , 

(4.19) 

|a«^a e (x,y,OI < c^^^Cx.y.Oe 5 - 
VFe caZZ i/ie elements ofJ\T^ p negligible amplitudes of order m. 
In the sequel we collect, without proofs, some useful results. 

Proposition 4.6. The estimate in (4-17) is equivalent to each one of the following two for 
suitable values of m G R: 

\dpZdJa e (x,y,0\ < cX m ^^(y,x,0e- N , 
\d%d%d]a e (x, y, 0| < cmm{X m m , a ^(x, y, f ), Vm'.Wf' x, 
where c does not depend on e. 

It is simple to prove that if (b e (x,y,£)) e G then the symbol (a e (x,^)) e = (6 £ (x, x, £))e 

belongs to S™ , and as a consequence of Proposition 4.6, we have that (b € (y,x,£)) € G S\ jP - The 
same conclusion is true with ~Sa jP ,n and S Ap N (or A/"™ p and N™ p ) in place of S™ p and 
respectively. 

Proposition 4.7. Zei (a e ) e G Then for every r G M. n , b £ (x,y,£) = a £ ((l — r)x + ry,£) 

defines an element ofSj^^. The same results hold with S™ p N and S^ p N (or J\f™ p andjT^ p ) 
in place of S Ap and <Sa iP respectively. 

Choosing r = we have the inclusions S™ p C <Sa )P , 5™ p C S™ p N and C ^A,p- 

Proposition 4.8. The following elementary properties hold: 

f 

i) ifm<m,p>p,N<N, then <S A ,p,iV C Sa, p ',n'; 

i i i 

*V */(°e)e G 5 AiPiJV and (6 e ) e G 5 a , a jv' toen (a £ 6 £ ) £ G 5 A p Ar+JV / and (a £ +6 £ ) £ G <S A)Amax(A r )A r')'' 

in) if (a e ) e G S£ p>N «ien /or a// a,/3, 7 € N n ; (d£d%8$a e ) e G ^~$ H " /3+71 ; 

i/(a £ ) £ G Sa iP:N then for all (x',y',£') G R 3n {T {x , , y > ^a e (x, y, £))e = (a e (x - x ,y -y 

C ))e G Sa, P ,N- 

Moreover the same statements are valid for amplitudes in and A/^p respectively. 
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5 Pseudo-differential operators acting on (/ Tl s(IR n ) 

In the classical theory an integral 

Au(x) = I e^ x -^a(x,y,Ou(y)dy^, (5.1) 

where a is an amplitude as in [4, 5] and u G 5(M n ), defines a continuous map from 5(R n ) to 
<S(R n ), which can be extended MS M continuous map from S (R n ) to S (R n ). 
Formally we obtain a pseudo-differential operator acting on Q Tt s(W a ), by substitution of a and u 
with o e and u e (y)^pl(y) respectively, where (a e ) e G (u t ) e G 5 T (K n ) and 92 is a fixed mollifier. 
We begin with the following propositions. 

Proposition 5.1. Let (a t ) e G 5a iP , (u e ) e G £ T (R n ) and ip be a mollifier. Then for every x G M. n 

(b £ (x,y,0)e = (e^a e (x,y^)ue(vWe{y))e G -4-0 (M™ x R£), (5.2) 
where v = m + + m' + . 

Proof. According to Definition 3.2, we have to estimate d^dyb e (x,y,^). This is a finite sum of 
terms of the type 

which can be estimated using the definition of (a e ) e G S™ p and (u t ) e G £ T (W l ), by 

c(a, (3, a, u, <p)(x)^A(x, m (x - y) m ' {y) Nu{l3) (y)-N«V>) € -N*W) € -™»V>). (5.4) 

In (5.4) one negative power e~ Nu ^ comes from the estimate of |9 7 ti e (y)|, and the other comes 
from \d^P'~ y 0(ey)\ ~< {ey)~ N ^ -< e - N ^(y)~ N ^\ for every e G (0,1]. Since 

(x)^A(x,O m (x-y) m ' -< (x)W((x,0) m+ (x-y) m '+ 

-< (x)l a l(x) m +(e) m +(x) m +(y) m + (5.5) 
-< (x)l"l +m + +m '+((y,0) m + +m +, 

we obtain our assertion, i.e. 

\dfd^b € (x,y,0\ < c {x)^ +m + +m '+((y,C)) m + +m '+e- Na( - a ^- 2N ^\ (5.6) 
with c independent of e. □ 
As a consequence of this result we can define the oscillatory integral 

e^ x -^a e (x, y, £K(y)^(y) dy<%, (5.7) 



/ 



2n 



where — y£ is the phase function of order 2 and (b e (x, y, £)) e G „4q(R™ x R^) the amplitude. 
Moreover we observe that for fixed e G (0,1], this integral can be interpreted as (5.1), since 
u e (y)^pl(y) belongs to tS(R ra ) and a e (x, is an amplitude as in [4, 5]. One easily verifies that 
for all e G (0, 1], (5.7) can be written as an iterated integral in dy and d£. Finally the integral 
(5.7) defines for every e G (0,1], a smooth function on R n , since it satisfies the assumptions of 
Proposition 3.1. 



18 



Proposition 5.2. Under the previous hypothesis, for all (3 G N n 

(dgb e (x,y,0) e = (d^a £ (x,y,Ou £ (ymy)})e G A^ +m (R^ x R£) 
and /or all a, 7 G N ra ; i/iere exists M G N such that for every r > 

sup e M ((y,0)- (!y+l/3|) |^aj(af6 e (x,y,0)| < 00. 

(y,O^R 2n ,\x\<r,ee(0,l] 

Proof. At first we consider for arbitrary 0,7 G N ra , d^dy(dxb e (x,y,^)). Using the Leibniz rule, 
we get a finite sum of terms of the type 

c a '^ i7 e^(is)^ (5.8) 
Arguing as before we estimate the absolute value of (5.8) by 

c(a, 13, 7, a, u, <p) (x) |a|+m + +m '+ (£) l/J|+ro+ (y)™+ e -*.(°.&7) e -2JV«(7) ^ 
< c'(a,/3,7,a,u,^)(x)l a l +!y ((y,e)) !y+l/3| e"^ (a ' /3 ' 7) - 2JV " (7) . 

As a consequence we can claim that (d$b e (x,y,£,))e G .4£ +l/3| (R™ x The second part of the 
proof is obvious from (5.9). □ 

Proposition 5.2 allows us to claim that 

A e u e {x) := / e^-y^a e (x,y,Ou e (yWe(y)dy^ (5.10) 

is an element of More precisely we have the following result. 

Theorem 5.1. Let (a e ) e G S\„- Then 

K) e G £ T (R") (A e u e ) e G £ T (R n ), 

(« e ) e G AAs(M") (i £ ti £ ) £ G A/" 5 (R n ). 

Moreover if (a e ) e G AT™ 

(u e ) e G £ r (R n ) (A e « e ) e g A/"s(R"). 

Proo/. Since for any (3 G N n , (d£b e (x,y,$,)) t G „4g +l/3| (M™ x R£), Theorem 3.1 and in particular 
Remark 1, allows us to conclude that there exists a positive constant c > such that for all 
x G R n , and for all e G (0, 1] 

\d^Au e {x)\<c\\^b e {x,y,0\\7r, (5-H) 

with N equal to the least integer greater than v+ + n + 2. In order to estimate the right-hand 
side of (5.11), it suffices to return to the proof of Proposition 5.2, and more precisely to (5.9). 
Assuming (u e ) e G £ T (IR n ), we put in (5.9) the condition \a + 7I < N. In this way we conclude 
that there exists a positive constant c-^ such that for all x £R n and for all e G (0, 1] 

(x,y,6lliv<civ(^ + ^" M > (5-12) 
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where M G N, depending on N, can be chosen larger than N + v. In this way (A e u e ) e G £ T (M. n ). 
We consider now the case of (u e ) € G A/s(R n ). First we use integration by parts and the Leibniz 
rule and observe that 

7</3 • /r2 " 

= i H J2*r,sJ e- i ^e ix H-iy) s d-(i0 7 d?- s --dt 1 a £ (x,y,Oue(yWe(y)dyaC. 

6<a 
tr<a~8 

Now for every 7 < (3, 5 < a, a < a — 5, 

In fact since (u e ) e G A/s(K n ), for arbitrary g G N, rj,fi G N n 

S^[e^(-iy)^(i0 7 ^-*- ff ^- 7 a e (x,y,0« e (!/)^(y)] 
< c(a, u, ¥>, r?, //, ((y, f ))"+l^l e 9- JV -(«./ 3 .'».f). 

Then under the assumptions \rj + fi\ < N, we obtain for any natural number g 

\x a d p A e u € {x)\ < c{xf +v e q - M , (5.13) 

where M depends on a, /?, N while the constant c depends on a, (3, N and q. In conclusion 
choosing q > M in (5.13) we have that 

Vg G N, 3c> : Vr G R n , Ve G (0, 1], 

(5.14) 

\x a d p A e u t {x)\ < c(x) N+u ei. 
At this point, since N + u is independent of a, the following statement holds: 

Vg G N, 3c> : VxG M n , Ve G (0, 1], 
\x d^A e u € {x)\ < 

In the case of (a e ) £ G A7"a the same arguments lead, for (it e ) e G f r (R n ), to (^4 e M e ) e G A(s(]R n ). 
This result completes the proof. □ 

Remark 5. From i/te previous computations we get the additional information that (A e u e ) e is 
a net of Schwartz functions. More precisely: 

Va, (3 G N n , 3N G N, 3c> : Vx G K™, Ve G (0, 1], 
\x a dPA e u £ (x)\ < ce~ N . 

A consequence of Theorem 5.1 is that it enables us to give a natural definition of pseudo-diffe- 
rential operator acting on Q Tj s(R n ). 

Definition 5.1. Let (a e ) e G S™ p . We call pseudo-differential operator of amplitude (a t ) t the 
linear map A : (? T ,s(^ n ) - * G T ,s(R n ) such that, for u G Q T ^s{R n ) with representative (u e ) e , Au 
is the generalized function having as representative (A e u e ) e defined in (5.10). 
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Note that Definition 5.1 is given with (a e ) e G S™n, but in the sequel we shall be concerned 
mainly with regular amplitudes in S™^ N . Regular amplitudes allow to develop a complete 
theory, modelled on the classical one, for pseudo-differential operators acting on Q T: s(R n ). From 
Theorem 5.1 it follows that if (a e ) e is a negligible amplitude, then A is the operator identically 
zero. Therefore, if (a e ) e and (b e ) e belong to S\„ with (a e — b e ) e G -^T,p> the corresponding 
pseudo-differential operators A and B coincide. 

Before introducing the definition of operators with 5-regular kernel, we present the following 
proposition concerning tempered generalized functions defined by integrals. 

Proposition 5.3. Let k = (fc e ) e + M T {R 2n ) G G T (R 2n ) and u = (u € ) € + M T {R n ) G Q T (R n ). We 
have that: 

i) for every x G R n , k(x,-) := (k e (x,y)) e + M T (Ry) belongs to Q T (M. n ) and the integral 
k(-,y)u(y)dy, defines an element v of Q T (W l ) with representative 

n 

v t (x) = k e (x,y)u t (y)v~ e (y)dy; (5.15) 



ii) ifke g^(R 2n ) then v G G^(R n ). 
The same results hold with u G Q Tt s(R n ). 

Proof. For fixed x G R n it is immediate to verify that (k e ) t G £ T (R 2n ) implies (k e (x, y)) t G £ T (Ry) 
and in the same way (k e ) e G Af T (R 2n ) implies (k e (x,y)) e G A/" r (K"). As a consequence we have 
that k(x, ■) is a generalized function in Q T (R n ). 

The integral in i) defines for every x a generalized complex number v(x). Our aim is to prove 
that: 



1) {k € ) e G £ T (R 2n ) and {u € ) e G £ T (R n ) implies (v e ) e G £ T (R n ); 

2) (& e ) e G A/" r (M 2 ™) and (u e ) e G £ r (M n ) implies (v e ) e G A/" r (M n ); 

3) (& e ) e G £ T (R 2n ) and (« e ) e G M T {R n ) implies (v e ) e G A/" r (M n ). 
At first 

d a v e (x) = d^k t (x,y)u e (y)^(y)dy. (5.16) 
In case 1, we have estimates of the type: 



\d a v e (x)\<c(k,u,a) [ ((x,y)) N *W( y ) N "\<p(ey)\dye- N *W- N " 

<c\k,u,a,<p){x) N "^ [ ( y y n - l dye- 2N ^- 2N "- n - 1 . 

Choosing M = 2N k (a) + 2N U + n + 1, we obtain the result |<9 a v e (x)| < c" ' {x) M e~ M . 
Case 2: for any q we get 



(5.17) 



|d%(x)|<c(M,«,9) / ((x,y)) N ^( y ) N "\<p(ey)\dyei- N " 

<c'(k,u,a,q,ip)(x) Nk ^ [ (y)- n - 1 dye q - Nk ^- 2N ^- n - 1 . 



(5.18) 
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We omit the proof of the third case since it is analogous to the previous one. It remains to 
consider the possibility that k is an 5-regular generalized function. This means to prove that, 
replacing £ T (R 2n ) and Af T (R 2n ) by £^(R 2n ) and M s (R 2n ) respectively in 1), 2) and 3), we obtain 
(v € ) £ G £ £°(R n ) in 1) and (v € ) e G A^s(E n ) in 2) and 3). Therefore, in case 1 we assume 

\x a d^k t (x,y)\ < ci^)-^-"-^-^, 
K(y)|< c 2 (y) N »e- N «, 

and we get \x a d*v e (x)\ < (k,u,a, (3,(p)e~ Nk ~ Nu . In case 2, the estimates 

-n-l c q 

\u e (y)\<c 2 (y) N "e- N " 



\x a d%k e (x,y)\ < Cl {y)- N "-" c". 



lead, for arbitrary q, to \x a d^v e (x)\ < c(k,u,a, l3,<p,q)e q - N v and we can argue in an analogous 
way for the third case. These results complete the proof. In fact since A(s(R n ) C Af T (R n ) we 
already proved assertions i) and ii) with u G Q Tt s(R n ). □ 

Definition 5.2. A linear map A : Q Tt s(R n ) —> G T ,sO& n ) is called operator with S-regular kernel 
iff there exists kA G Qg'(R 2n ) such that for all u 

Au= k A (-,y)u(y)dy. (5.19) 

J~R n 

Proposition 5.4. Any operator with S-regular kernel maps Q T ^(R n ) into Q^(R n ). 

Proof. This is a simple consequence of Proposition 5.3. □ 

We can consider the mapping property Q T!< s(R n ) — ► Q^(R n ) as the definition of regularizing 
operators. Therefore, every operator with 5-regular kernel is regularizing. There exists an 
interesting characterization of operators with 5-regular kernel. 

Proposition 5.5. A is an operator with S-regular kernel iff it is a pseudo- differential operator 
with smoothing symbol. 

Proof. From the definition of A there exists k A G Q^ ) (R 2n ) satisfying (5.19). At first we prove 
that, for any representative (k A , e )e of k A 

a e (x,0 = e- ix ^ f e iw ^k A ,e(x,w)dw (5.20) 

belongs to S~°°. From Proposition 4.3, we have to verify that 

3iVGN: Va,/?GN™, 
sup e N \\z a d /3 a e \\ L o r R 2„\ < oo. 

66(0,1] 

In fact (a e ) e G £(R 2n ) and, applying the Leibniz rule, z a d l3 a e (z) = ^ ai x a2 d^d^ 2 a e (x, £) is a 
finite sum of terms of the type 

c 7li72 X ai ^ 2 e~^H0 72 d 5 (-^) 71 / e iw ^(iw) (3l -^d^- r2 - s k At (x,w)dw. 
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After integration by parts, we obtain terms of the kind 

e _ia * f e^x^d^-ix^d^+^iiiw^-^d^-^kA^x^^dw. (5.21) 

JR n 

At this point, we easily conclude that the absolute value of z a d@a e (z) can be estimated by ce~ N , 
where c is a positive constant independent of x, £ and e, and N appears in the definition of k A:€ . 
Now, from (5.19), for arbitrary u € Q Tt s(M. n ), Au has the following representative 

/ k A , e {x,y)u e (y)^(y)dy. (5.22) 

JR n 

By Fourier transform and anti-transform in 5(K n ) 

k A , e (x,y)=f j^-vX [ e- iw ^k A<t (x,x-w)dwdC= [ e i( - x - y ^ a t (x , (5.23) 

jR n ip JR n 

and, changing order in integration 

/ / e^-yKa t (x,mUe(yWe(y)dy = [ e^-^a e (x, £K(y)^(y)«. 

JR n JM" JR 2n 

In conclusion we can claim that A is a pseudo-differential operator with smoothing symbol and 
the necessity of the condition is shown. 

For the converse implication assume now that A is a pseudo-differential operator with smoothing 
symbol (a e ) e . We want to prove that 

k A , e (x,y)= [ e^ x -y^a e (x,Om (5-24) 
Jr." 

is the representative of an <S-regular generalized function k A and that for any u € Q Tt s(M. n ), 

Au= k A (-,y)u(y)dy. 
it™ 

One easily proves that (£u,e)e £ £(K 2n ) and applying the Leibniz rule and integration by parts, 
we have 

x<yfyd s y k A , e (x,y) = (-i)Mx a Y^( 1 )[ 

\7 JJR" 

7 <7 

We can estimate the absolute value of the sum by ce~ N , where c is a positive constant inde- 
pendent of x, y and e and N appears in the definition of (a e ) e G <S~°°. Finally, An has as 
representative 

A e u e (x)= [ e i( - x -Ma £ (x,Ou e (yWe(y)dy<% 
it 2 ™ 

e l(a:_2/)$ a e (x, i)d^u e {y)^pl{y)dy = I k A , e (x, y)u e (y)^p~ t (y)dy. 

JR n 



This equality concludes the proof. □ 

Remark 6. Every representative (k At€ ) e of k A defines a symbol (a t ) e £ S~°° in (5.20). It is 
clear from the proof above that the difference between two symbols obtained in this way belongs 
to Af-°°. 
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In the sequel we study the mapping properties of pseudo-differential operators with regular 
symbol in more detail. 

Proposition 5.6. Let A be a pseudo-differential operator with regular symbol (a t ) t in S™ pN . 
Then A maps G T>s (M. n ) into Q Tt s(R n ) and G^(R n ) into Q^(R n ). 

Proof. It remains to prove only the second part of the claim. 

Let u G g™(R n ). Since T v {u) = (u e ) e + M s (R n ), ( / e ix ^a e (x, £)u £ (£)c%) e is a representative of 

JR n 

Au. From Proposition 2.3, (u e ) e G £J°(IR ra ), and, using integration by parts, x a d 13 A e u e (x) is a 
finite sum of terms of the type 

P5 )7)ff / e^iiZydldfa^x, SW-t-'ucim- (5-25) 

JR n 

At this point, using the definition of regular symbol and the properties established previously, 
we conclude that 

le^^CiO^^^^^^'O^" 5 ""^^)! < c(a,«,/3)<^>l^lA( a r,0 ?Tl+ l^~ <5 " CT ^(e)l^ iV 

< c(a,a,P)(xr+(O m+m+ \d°- 5 -°u e (t;)\e- N (5.26) 

<c(a,u,a,(3){x) m +(0- n - l ^ N - M , 

where M appears in the definition of (u e ) e and is independent of derivatives. In other words, 
we can state that there exists N G N such that for all a, (3 G N n 

sup e N ' \\(x)- m +x a d /3 A e u e \\ LOO{R n ) < oo. (5.27) 
ee(o,i] 

(5.27) implies the existence of a natural number N' such that for all (3 € W l and p G N, 

sup e N \\{x} p d^A e u € \\ L00 ^ < oo and then we obtain (A e u e ) e G £^(R n ). □ 

66(0,1] 

We conclude this section proving that Definition 5.1 is independent, in the weak sense, of the 
choice of the mollifier <p. 

Proposition 5.7. Let (f \ and if2 be two mollifiers satisfying property (2.1). Then for all (a e ) e G 
5 Ap n and u G T ,s(R n ) 



(5.28) 



e* x -Ma e (x, y, £K(y)<^(y) « + Af s (R n ) 

l 2n J e 

= g .t.d. (I e^-y^a t (x,y,Ou t (y)^;(y)dydA + M s (R n )- 
Proof. It is sufficient to write for / G <S(R n ) 

[ f(x) [ e^ x -y^a e (x,y,Ou e (y)(^:e-^:e)(y)dy^dx 

JR n JR 2n 

= [ f e i ^-y^a e (x,y,Of(x)dx^u e (y)(i^ e -^ £ )(y)dy (5.29) 

il" JR 2n 

= / e i{x - y ^a e (y, x, -Qf(y) dyd£ u e {x)Qp^ e - 0^ e )(x)dx. 

JR n JR 2n 
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Now repeating the same arguments in the proof of Theorem 5.1, we have that for all x G 
and for all e G (0, 1] 



edd [ e^-^a e (y,x,-Of(y)dy^ 
\ Jm. 2 " 



< ce 



-N 



(5.30) 



By definition of the mollifier for all a G N n , d a {(fi^ — <£>2,e)(0) = 0. Therefore, for arbitrary 
q G N 



/ / e i{x yK a e (y, x, ~0f(v) dyd£ u £ (x)(ip he - <p 2 ,e)(x)dx 
= f fe^a € (y,x,-Of(y)dy^u e (x)Y: ^ = f ^ {ex)°dx 
< ce« +1 - M , 



\a\=q+l 



(5.31) 



where M depends on the representative of u G Q Tt s(M. n ). This estimate completes the proof. □ 

It is easy to see that the equality in Q Tt s(R n ) cannot be expected in (5.28). In fact, choosing 
(a e ) e and (u e ) e identically 1 and taking <^i(£) = 1 for |£| < 1, (fi(^) = for |£| > 2 and ^{Cj = 1 
for |£| < 3, we get su P?eR „ |(^ - ££)(0I > 1- Then (<^) e + Af s (R n ) = g .t.d. (££) e + W 5 (M n ) 
but (^ e - 0£) e £ A/" 5 (M n ). 

6 Alternative definitions 

In this section we propose other possible definitions of pseudo-differential operator, investigating, 
in some particular cases, the relationships with Definition 5.1. 



(6.1) 



Proposition 6.1. Let (a e ) e G S\ tP - For (u e ) e G £ T (W l ) we define 

A e u £ (x)= / e^ x - y ^a € (x,y,0ue(yWe{y)^e{0dy^. 

JR 2n 

Then 

(u t ) t G £ T (R n ) (A e u e ) e G £ T (R n ), 

(u e ) e G M s (R n ) (A e u e ) e G M s (M n ). 

Proof. At first we observe that the integral in (6.1) is absolutely convergent. Since for any 

(3 G N" 

tfA^ix) = H / e^-y^^rdt^a t (x,y,Ou e (ymy)m)dydt 

t& V77 

we can estimate each (i£) 7 <9z~ 7 a e (x, y, £)w e (y)^(y)<537(£) directly. In this way we obtain for 
(u e ) e G S T (R n ) 



mydt J a e (x,y,Ou e (yWe(y)m)\ 

< C (J3, a, u) (0 Wa(x, m+ (x - y) m + (y) Nu m(vWe(0K Na(fi) ~ Nu 

<c(Ao,«)<O l ^ l+m+ (x) v (y) m + +JV «|^( J /)^(0|e- JV " W - JV " 



(6.2) 



<c{P,a,u,v)(xY (y) 



-n-li x-n-l -N a {0)-2N u -\f3\-u-2n-2 
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where, as usual, N a {(3) comes from the definition of the amplitude and N u from the definition 
of (u e ) e . Choosing M = N a {j3) + 2N U + \/3\ + v + 2n + 2 we have for all x £ R n \d^A e u e (x)\ < 
c"(x) M e~ M or in other words (A e u e )^ G £ T (R n ). Let us assume now (u e ) e G A/s(lR n ). Our 
starting point is observing that x a d /3 A e u £ (x) is a finite sum of terms of this type 

f e -^ e ^ ( _, y) ^- ( ^ ) 7^^-7 ae(X) y )e) ^-5--^ (e)ne(y) ^ (y) dy ^ (6 . 3) 
multiplied for some constants independent of e and variables. Moreover we can write 
(-iy) s d^(iO J d^dt J a e (x, y, O^-^-^Mi/)^) 

< c(«, /3, «) <^>" <2/> |^ e (2/) | |^(2y) | <0 1^1+^+ ^^( e ^) k-^f^ ( ° J) 

< c(a,/3,a,n,v7,g)(x) iy (y)- n - 1 (0^ 1 e 9 e _JVa(a ' /3KI/3hm+ ^ 1 , 

where it is important to note the independence of v = m + + m' + of a. In conclusion 

Vcc, (3 G N n , Vg G N, 3c> : Vx G R n , Ve G (0,1], 

(6.5) 

\x a d^A t u t (x)\ < c(x) u e q 

or in other words (A e u t ) e G Ns(R n ). □ 

Remark 7. One can easily prove the previous proposition considering the integral (6.1) as an 
oscillatory integral and applying Theorem 5.1. 

We introduce as a straightforward consequence of Proposition 6.1, the following definition. 

Definition 6.1. Let (a t ) e G S\ jP - A : Gr,s(M n ) —> Q Tt s(R n ) is the linear operator which maps 
u G G T: s(R n ), with representative (u e ) € , into the generalized function Au with representative 
(A e u e ) e defined in (6.1). 

Remark 8. The definition of A consists in the iterated application of the Colombeau-Fourier 
transform and anti-transform in Q Tt s{R n ). In fact 

A e u € (x) = T^^T^y^a^x^y^^u^y)). 

We remark that the amplitude (a e ) e G >S^ p and the generalized function u = (u t ) t + J\fs(R n ) 
define, for all (x,0 G R 2n , (a e {x,y,S)u e (yj) e + N S {R^) G S r ,s(M£). 

Let us analyse now the relationships between A and A, when (a e ) e is a regular amplitude in 

Proposition 6.2. Let (a £ ) € G ~S^ p N . Then the operators A and A are equal in the weak sense, 
i.e. for alius Q T ,s{ wl ) 

Au = g .t.d. Au. (6.6) 
Proof. According to Definition 2.5, we have to prove that for all / G 5(M n ) 

{Au - Au){x)i{f){x)dx = in C. (6.7) 
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Since I / (A t u e (x) — A e u e (x))f(x)((p e (x) — l)dx ) G Af , we can choose a representative of the 

\JR n 

integral in (6.7) of the following form 



/ / e^-^a e (x,y,Oue(yWe(yWe(0 ~^)dy^ f(x)dx. 

JR n JR 2n 

Now changing order in integration we have 

/ u e (y) [ e'M [ e i ^a e (x,y,Of(x)dx(^(0-m^e(y)dy. 

JR n JR n JR» 

We study in detail g e {y,() ■= / e lx ^a e (x,y,^)f(x)dx. For arbitrary a G N n 

JR n 

(iO a 9e(y,0 = (-l) H T,(^) I e ix ^a £ (x,y,Odr^f(x)dx 
p < a \PJ 



(6.8) 



(6.9) 



and then 



f3<a 



m) a 9e(y,o\ < E c («^) / Hx,o m+ (x- y r + \d a -"f(x)\dxe- 



N 



<(e) m+ (y) m + Vc(a,/3) / (xY\d a -Pf(x)\dxe 

/3<a ™ 



■A' 



(6.10) 



As a consequence for all p G N there exists a positive constant c such that for all y G M n , £ G W 1 
and e G (0, 1] 

\g e (v,Q\<c(0-*{yr' + e- N . (6.11) 

In order to estimate (6.8), we use (6.11) and Taylor's formula applied to (p at 0. We obtain for 
arbitrary g£N 



u e (y) e-^ 9e (y,0(m) ~ m ftWv 



7=9+1 
/ 

\m. 



7 ! 



(6.12) 



<c(g^,q)j \u e (y)\(y) m+ \&(y)\dy f (O""" 1 ^ 

JR" JR" 
< C{u,g,if,q) e q+l-N-2N u -m' + -n-l_ 

Since iV u , A and m' + do not depend on q, (6.12) allows us to conclude that 

Vg G N, 3c> : Ve G (0,1], 



(A e u e (x) — A e it e (x))/(x)<ix 



< ce q 



(6.13) 



□ 
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We complete this section studying pseudo-differential operators acting on Q Tt s(R n ) with ampli- 
tude in S™ independent of e as in [4, 5]. For simplicity we call these amplitudes classical. It 
is well known that for all / € <S(M n ), the oscillatory integral 



Af(x)= [ e^-y^a(x,y,Of(y)dy^ 
Jr 2 ™ 



defines a continuous linear map from <S(IR n ) to <S(IR n ) and it extends to a continuous map from 
S'(R n ) to S'(R n ). In detail if w € S' (R n ) then (Aw,f) = (w, l Af), where 



t Af(y)= [ e« x -yKa(x,y,S)f(x)dx<%. 

JR 2n 



We want to compare the definition of A on and S (R n ) with Definition 5.1 on <3 Tt s(R n ), 

introduced in Section 5 of this paper. 

Proposition 6.3. Let a £ ^A,p,o be a classical amplitude. Then for all u £ <7 Tj< s(M n ) o-nd 
f € S{R n ) 

Au(x)i(f)(x)dx = / u(x)i( t Af)(x)dx. (6.14) 



Proof. Let us consider u E Q T ^(R n ). We can choose as representative of the left-hand side of 
(6.14) 

/ / e^y^a(x,y,0n e (y)^(y)dy3U(.x)dx 

jRnjR2n (6.15) 

= / u e (y) / e^ x -^a(x,y,Of(x)dxS^(y)dy= / u £ (y) « Af ■(y)&(y)dy . 
Jr™ JR 2n JR n 

The last one is a representative of / „(, W >Af) {x)ix . □ 

it" 

Corollary 6.1. For all classical amplitudes a, the corresponding pseudo- differential operator A 
in Definition 5.1 maps the factor Q Tj s(R n )/ = g ,t.d. into itself. 

Corollary 6.2. For all classical amplitudes a, the corresponding pseudo- differential operator 
A : Q Tt s(R n )/ = g .t.d.—* £7r,s0^ n )/ =g.t.d. is an extension of the classical one defined on S (R n ), 
i.e. for every w <G S (R n ) 

A(i(w)) = g . t . d . i{Aw). (6.16) 
Proof. This proof is simply obtained combining Proposition 6.3 with the equality 

/ i(w)(x)i(f)(x)dx = (w,f)+K 
JR" 

valid for w € S' (R n ) and / € S{R n ). □ 
The previous result can be improved on <S(M n ). 

Proposition 6.4. For all classical amplitudes a, the corresponding pseudo- differential operator 
A on G Tt s(R n ) is an extension of the classical one defined on S(R n ), i.e. for every f £ S(R n ) 

A(i(f)) = i(Af) in g TfS (R n ). (6.17) 
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Proof. We want to show that 0,(1):=/ e^'-'^a(x,y,i)f(y)(^(y)-l) «, defines an element 
of N s (R n ). For all a, p G N n , x a d^ e (x) is a finite sum of terms of this kind 

c lM f e-^e^(-iy) 5 d^i0 1 d^dt^a(x,y,Of(ym(y) ~ (6.18) 

JR 2 ™ 

where for 7 < (3, S < a, a < a — 5 

(e^(-iy) s d^z^df s -°dt"a(x,y,Of(yWM ~ l)) e G ^ +l/3| (^ x R£). (6.19) 
Now fixing A 7 " as in the proof of Theorem 5.1, we obtain for \rj + yu| < A" and arbitrary g G N 

|^^( e ^(- iy ) 5 a CT ^) 7 a^ 5 -^f^G(x, y ,o/(y)(^(y) - i))l 

e _ ? 6.20 

where e 9 comes from Taylor's formula applied to <^ and its derivatives at 0. In conclusion from 
(6.20) it follows that 

VP G N n , 3iV G N : VqG N n , VgeN, 3c> : Vs e R n , Ve G (0, 1], 

(6.21) 

\x a d^v e {x)\ < c(x) N+u eV. 
Since A/" does not depend on a, we obtain that (v e ) e G A/^R™). □ 

7 ^-symbols and product 

In this section we introduce a generalization of Weyl symbols and we study the product of 
pseudo-differential operators. We follow in the proofs the arguments of Boggiatto, Buzano, 
Rodino in [4, 5]. 

Proposition 7.1. Let 9 G R n and (a e ) t G S^ pN . There exists a symbol (bg te ) e G <S™ pN such 
that for all (u e ) e G £ T {R n ) 

A e u e {x) = [ e^-^MU " 0)x + 9y, £K(y)^(y) «. (7.1) 

JR 2 ™ 

In detail 

M*> 6 = / e-w 0e (x + fly, x - (1 - %, e - r?) dyS^ (7.2) 

JR 2 ™ 

anc? it /\as the following asymptotic expansion 

M ~ E i 7^r^( 1 " OVUf^DZBlat) \ x=y ), (7.3) 

Proof. We begin by showing that for # G R n 

(o e (x + 9y,x-(l- %,£ - V )) e G x R"), (7.4) 

where as usual z/ = m + + m' + . 

In detail for a, /3 G N n , d"dy(a e (x + 9y,x — (1 — 9)y, £ — 77)) is a finite sum of terms of the type 
c(a^)dfd2d^a e (x + 9y,x-(l- 6)y, £ - r/)^(l - fff^ 
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and then for all x, y,£,r) € R n , for all e <G (0, 1] 

\d^a e (x + 0y,x-(l- 9)y, £ - rj)\ < c(a, (3, 9)A(x + 9y^- T}) m (y) m 'e- N . 

At this point using the definition of weight function and (4.3), with z = (x + 6y,£ t — i]),( = (x,£), 
s = m+, we conclude that 

\d^a £ (x + 0y, x -(l- 0) y , £ - n)\ < c(a, (3, 9)A(x, £) m+ {(y, v)}^' 1 ". (7.5) 

Hence the integral in (7.2) makes sense as an oscillatory integral. The proof of smoothness of 
be,e(x,0 for every e, is left to the reader because it is an easy application of Proposition 3.1. 
We want to prove instead that (&e,e)e £ S\ p n- Using integration by parts, we write 



d?d% )E (x,0 = / e mi a a ^ )ey€ (x,y,£,r])dy3ri 

JR 2n 



(7.6) 



where 



a aA e, e (*>V>M = E (^(dpt^-'a^x + ey, 



Since a a ^fi te (x,y,^,r)) is estimated by 



x - (l - %,£ - ??)• 



-p|a+/3| _jv 



c(a, /3)A(x + - r,) m (y) m (l + A(x + fly, £ - 77) (j/)-™ ) " 6 
< c(a,P)A(x + 6y,£- ^-pW+ft^m ' +pm '\a+f3\ e -N ^ 

we obtain that 

|( y )- 2M Hl " A,) M U^)- 2M2 (l - A,)^a a ,^(x, y ,^)}| 
< c(Q,/3,M 1 ,M 2 )(y) m '+^ m 'l a+ ^- 2Ml (r/)- 2M2 A(x + ^,e-^ m ~ p|Q+/3| e^. 



(7.7) 



(7.8) 



Under the assumptions 2M\ > m +pm \a+/3\ + \m\+p\a+/3\+n+l, IM2 > |m|+p|a+/?|+n+l, 
and, choosing £ = (x, £), z = (x + 9y, £ — 77), s = m — p\a + (3\ in (4.3), we conclude that there 
exists a constant c > such that for all x, £ € M. n , for all e G (0,1] 

\d?d%be, e {x,0\ < cA(x,O m - pla+(Sl e- N . 

We omit to prove the equality 

A e u e (x) = [ e^-^M(l - 9)x + By, O^ivWM dy<%, (7.9) 

JM. 2n 

because for fixed e it suffices to repeat the classical proofs in [4] p. 42 and [5] p. 14-15. Finally it 
remains to verify (7.3). 

At first we observe that ({d^ +1 D% Dya e (x, y, £))\ x=y ) e belongs to <5™~ 2 ^' /3+7 ' . In this way the 
formal series in (7.3) is an element of FS™ N with nij = m — 2pj and Nj = N. Now we consider 
be,e(x, £) an d we expand a e {x + 6y, x — (1 — 9)y, £ — rj) with respect to y at y = 0. We have for 
M > 1 

a e (x + 9y,x-(l- 9)y, £ - r/) 

= E ^^0 P ^-0yd^a £ (x,x^-r,) y ^+r M Ax,y,^ ^ 

|/3+ 7 |<M P ' 7 ' 
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where rM,e(x,y,^,rj) is the following sum 

£ ^T^C 1 " *) 7 j[ V " i) M_1 ^>e(^ + 0ty, x - (1 - £ - /+^. (7.11) 



\P+j\=M 

Applying integration by parts and Proposition 3.4, we conclude that 

.1)1/31 



6„, e (x,0-X; L ^V^(l-^(f 7 ^)(x,x,5)= / e-^Vfx,^,-!)^. (7.12) 

|/3 +7 |<M 7R2 " 

In order to complete the proof we prove that the last integral in (7.12) defines an element of 
5™~^ pM . The crucial point is to observe that 

f e -iyv y P+i f\ x _ t ) M ^d^ y a € (x + 9ty, x - (1 - 9)ty, £ - r,)dt dydn 

jR2n /° (7.13) 

= (_l)l/3+7l /" (i- t ) M ~ l ( e~ iyri d^D^D^a e (x + ety,x-{l-e)ty,C-v)dySr]dt. 
Jo JM.' 2n 

Since |/3 + 7| = M repeating previous arguments we conclude that 

8/9,7,^(^.0= / e-^d^D^a^x + ety^-il-e^y^-^dydr, 

belongs to S^~ 2 ^ M with uniform estimates with respect to £ £ [0, 1]. This allows us to claim 
that ( / e~ tyv r M ,e(x,y,£,r])dydr]) is a symbol in S™~^ M . □ 

Remark 9. From the Schwartz kernel theorem, as in the statement of Theorem 4-4 * n [4] an d 
Theorem 5.5 in [5], we can say that given (a t ) t £ S^ p N , {be,e)e is the unique symbol in S™ pN 

such that the equality (7.1) is pointwise valid, for all (f e )e £ 5(JR n ) < - 0,1 ' in place of {u e <fl) e . 

Choosing 9 = (0, 0) we can always write a pseudo-differential operator A with regular ampli- 
tude (a e (x, £ <S\,p,N as a pseudo-differential operator with symbol (6o i<E (x, £)) e £ <S\ p n- 
As a consequence of Proposition 5.6, we obtain that A maps <7J?(M n ) into Q^(M. n ). 
Finally, we complete the discussion of ^-symbols, with the generalization to our context, of 
Theorem 5.1 in [4]. The easy proof is left to the reader. 

Proposition 7.2. If (bg lte ) e and (bg 2:6 ) e are respectively 9\ and 92- symbols, according to (7.2), 
of a pseudo-differential operator A with regular amplitude (a e ) e £ 'S r ^ p N , then 

~ E ^ - 02T(d?D«b eue ) t . (7.14) 



Now let us consider two pseudo-differential operators A' and A" , with regular amplitudes (a € ) e £ 
/ // 

^A,p,N' an d ( a e )e ^ S\, p ,n" respectively In order to study the composition A A , we write A 
in terms of the 0-symbol (b' 0e ) e and A" in terms of the 1-symbol {b'[ e ) e . More precisely, since 
for (u e ) e £ £ T {R n ) 

A' £ u e (x)= f e i ^% j£ (x,Ou e (yW e (y)d y aX= [ e ix % e (x, 0F v u e {Z)<% 

J f n Jr " (7.15) 

= / e ix % £ (x,0(ue&nm, 
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we can state that A' A" : Q Tt s(R n ) — > Q Tt s(W l ) is a linear operator, defined on an arbitrary 
representative (u e ) e of u G £/ Ti s(IR n ) by 

A'Xu € (x)= [ e™%, e (x,0«u e -&)~(m, (7-16) 



where 

<u e (x) = / e^-^6;>,£K(y)^(y) «• (7.17) 

JR 2n 

Our aim is to prove that there exists a pseudo-differential operator (A'a")i : Q Tt s(R n ) — > 
£ r ,s(M Tt ) such that for all u G £ r ,s(IR n ), 

We begin with the following proposition. 

Proposition 7.3. Under the previous assumptions, we define for an arbitrary (u e ) e in S T (W n ) 

(A'XWx) = / e*% e (*,04S(«- (7-18) 

Then (u £ ) e G £ T (R n ) impfos ((^^')iu e ) e G £ T (M n ) and (u e ) e G A/" 5 (K n ) imp/ies ((i4' e i4")i« e ) e G 
A/"s(M n ). 

The proof will be based on the following preparatory result. 
Lemma 7.1. (u e ) e G 5 r (lR n ) implies the following statement 

Va, /3 G N n , 3iV G N, 3c> : V£ G M n , Ve G (0, 1], 

(7.19) 

\^A'; Ue (0\<ce- N . 

Further, (u e ) e G M s (R n ) implies (A^ t ) t G A/" 5 (K n ). 

Proof. Theorem 5.1 and in particular Remark 5, guarantee for all a,f3 G N ra , the existence of a 
natural number N such that 

sup e Ar ||x a S"^'« e || L oo( R n) < oo. (7.20) 
ee(o,i] 

Now it suffices to write 

£ a dPA^ € (0 = (-i)l Q l V [ e~ ix ^d^(-ixfd a -^A"u e (x)dx (7.21) 

and apply (7.20), for obtaining the first part of our claim. If (u e ) e G A/"s(R n ) then (A"u e ) e G 
Ms(W l ), so the assertion (A"u e ) e G A/s(M n ) follows naturally from the definition of the ideal 
-A/" 5 (M n ). □ 

Proof of Proposition 7.3. For arbitrary a G N n and (u £ ) e G £ r (R n ) 

9«((4<)i^)(x) = Wf) / (7-22) 

^ w 
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Now using Lemma 7.1, we have that 

\e^{iifdr%MOK^M)\ < c(a,f3X)(x) m '+(0 m ' ++m \^e(0\t- N ' 

< c(a,P,b' ,u)(xr' + (0- n - 1 e- N '- N ^. 

Therefore, (u e ) e G £ T (K. n ) implies ((A' e A")iu e ) e G £ r (IR n ). Now we assume (u e ) e € A/" 5 (IR n ). 
x a dP(A e A e )\u e (x) is a finite sum of terms of the type 

c( 7 , <5, a) f e^d 5 {iWdldt^oM ^(0^- ( 7 ' 24 ) 

Jr™ 

Lemma 7.1 allows us to conclude that for any q G N 

<c(a,/3,6;,n,g)(x) m ' + (e)- n -V- V . 

(7.25) 

Summarizing for all a,/3 G N ra , for all q G N, there exists a positive constant c such that, for 
every , for every e G (0, 1] 

\x a d^(A' £ A'^ lUe (x)\ < c(x} m '+e q - N ' . (7.26) 

Since m + is independent of a we have that ({A e A e ) lUe ) e G A/" 5 (M n ). □ 

From Proposition 7.3, we can define (A A ) 1 as a linear operator acting on Q Tt s(W n ). In parti- 
cular we easily prove the following result. 



Proposition 7.4. (A A )i : g r , 5 (IR n ) -» £ r ,s(K™) zs a pseudo-differential operator with regu- 

i tt 

lar amplitude (b e (x, £)b 1 e (y, £)) e G <5a p 7v'+at"- Its 6-symbol (bo j€ (x,^)) e has the asymptotic 
expansion 



{be,,) 
and in particular 

Proof. From (7.18) 
Since 



E t^^^i-tfjwg.wa (7.27) 



/?! 7 !<5! 



(V e ) e ~E^( 5 f 6 o^(^o,J- ( 7 - 28 ) 



a! 



= / e ^6^(x,e)^> £ (o^- 

A> e (0= / e-^b'l e (y,Ou e (ymy)dy, (7.29) 

JR n 



we can write 



(A'X)iUe(x) = [ e ix %, e (x,0 [ e-^bl e (y,OMyWe(y)dyaX 

JR™ JR n 

= [ e^-y^ e {x,i)bl e (y,Oue{vWe{y)dydt 



(7.30) 
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We know that (b' e (x,£)) e G S™ pN <, (b'[ e (y, £)) e G S™ p N ", and then, from Proposition 4.8, 

point ii), the amplitude (&o, e ( x > 0&i,e(2/> 0)e belongs to 5 Ap7V ' +7V ». Proposition 7.1 leads to the 
following formula 

(M*,0) e ~ E 7)! g/3(1 ~ g ) 7 (ffifflU*' Mffff&>. 6). (7-31) 

<5+cr=/3+7 

and therefore, putting 9 = in (7.31), we have 

(M*,f)) e ~ E ^(^>>0W^(*>O) e - (7-32) 

7,<5,cr 
5+cr=7 

Choosing 6*2 = 1 and 6>i = in (7.14), from Proposition 7.2 we obtain an asymptotic expansion 
of (b l e ) e in terms of the derivatives of (b e ) £ , which substituted in (7.32) gives us, by reordering 

as in [21] p. 28, the assertion (6 0j£ ) e ~ ^ (d|&oJ £ (L>I% e ) £ . n 
We conclude this section with the following result of weak equality. 



Theorem 7.1. T/ie linear operators X A" and (XX')i are equal in the weak sense, i.e. for all 

XX' (u) = g , td , (A'A") lU . (7.33) 



Proof. We want to check that for all / G S(R n ) 



dx (7.34) 



h e = ! f(x) f e ix % e {x,OK^imi- [ e ix % t£ (x,OA^e(0^ 

JR n UR n Jl" 

defines an element of Af . At first we change order in integration; in this way 

h e = [ (X^T e -A^ e m [ e iX %Jx,Of(x)dxdt. (7.35) 

JR n JR n 

We study := / «*^<*,0/<*>* - »me detai!. By arguments siuuta to the cues used 

in the proof of Proposition 6.2, we obtain that for all a, (3 G N n , there exists a positive constant 
c such that 



V£ G R n , Ve G (0, 1], I^&COI < c(^) m +e" N . (7.36) 

where m+ and TV' appear in the definition of 6q )£ and they are independent of the derivatives. 
From the properties of the classical Fourier transform on <S(lR n ), and Taylor's formula applied 
to (p at 0, we can write for arbitrary q G N 



h, 



= [ (X[^ e -A^ e )(0ge(0^= I X' eUe {y)&i{y)-i)g e {y)ay 

JR n JR n 
|7l=9+l 
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In order to estimate (h e ) e , we observe that as a consequence of (7.36), sup eg ( ,i] II^^Hl^ri) 
is finite for all a G N n . At this point, recalling that (A"u e ) e G £ T (W l ), and in particular Remark 
5 following Theorem 5.1, we conclude 

\h £ \<cf (y) q+1 {y)- n - 2 - q dy e q+1 - N "- N> , (7.38) 

where N u and N' do not depend on q and c does not depend on e. This estimate completes the 
proof. □ 

Remark 10. From the previous proof it is clear that the weak equality in (7.33) remains valid 
even if we use different mollifiers in the definition of A and A . 

We show by means of an example that weak equality in (7.33) cannot be strengthened to equality. 
Let a and a classical amplitudes identically equal to 1. Then 

<u e (x) = / e^-vKuSWeiv) « = u e {x)^ e {x) (7.39) 

JR 2 ™ 

A' e A"ue(x)= f e^AX&(m = Ue(xWe(x)f. (7.40) 
Since, from Proposition 3.4, 60 ( x , = / e~ wv dyctri = 1, 

(A' e A")iUe(x) = [ e ix ^ e (m = u e (x)<p;(x). (7.41) 

It is easy to prove that, taking u e identically equal to 1, i^pf — Xp~ e ) e £ A(s(M n ). 

Proposition 7.5. The linear operators A' A" and (A'A")i coincide on £/J?(K ra ). 

Proof. From Proposition 5.6, since {b'[ e ) e is a regular symbol, (u e ) e G £g 3 (W l ) implies (A"u e ) e G 
£J°(R n ) and as a consequence (A" e u,Xpl — A"u e ) e G A/s(R ra ). This allows us to conclude that 

A'Xue(x) - (A'X)iUe(x) = [ e^^b'^ (x, 0<u e (y) (<&(y) - 1)« 

is an element of Af s (M n ) • □ 



and 



8 Global hypoellipticity and results of regularity 

In this section we consider a special set of regular symbols and their corresponding pseudo- 
differential operators. It turns out that this kind of symbols allows the construction of a 
parametrix acting on g T ^(M. n ). The following definition is modelled on the classical one pre- 
sented in [4, 5]. 

Definition 8.1. A symbol (a e ) e G <S\ p n ^ s ca ^ e d hypoelliptic if there exist I < m and R > 
such that the following statements hold: 

i) 3c > 0: Vz = G R 2n , \z\ > R, Ve G (0, 1] 

\a e (z)\>cA(z) l e N ; (8.1) 
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ii) V7 G N 2n ; 3c 7 > 0: Vz G M 2r \ |z| > -R, Ve G (0, 1] 

|d 7 a e (z)j < c 7 |a e (z)|A(z)^ l7 L (8.2) 

If Z = m, (a e )e is called an elliptic symbol. 

We denote the set of all (a e ) e satisfying Definition 8.1 with HS™ p N , while for the set of elliptic 
symbols we use the notation ES™ pN . 

Observe now, that (8.1) implies a e (z) ^ for \z\ > R and e G (0, 1], so that a^ 1 (z) is well defined 
in £[{\z\ > R}]; multiplying by ip G C°°(R 2n ), ip(z) = for \z\ < R, ip(z) = 1 for \z\ > 2R, we 
get {ip{z)a~ 1 {z)) e G £[R 2n ]. In the sequel we denote (tp(z)a~ 1 (z)) e by (po,e)e- 

Proposition 8.1. We have that 

i) if (a e ) e G HS™f p N then (p 0j£ ) e G HS k] p ~n'' 

ii) if (a e ) e G HS^ l p N then (p ,e<9 7 a e ) e G <S^^' /or every 7; 

rnj */(a e ) e G HS^ N , {b t ) t G ITS™^ ften {a t b t ) t G HSTfi™*} . 

Proof, i) From (8.1) we obtain that there exists a constant c > such that for all z G R 2n and 
e G (0, 1] 

\po, e (z)\<cA(zr l e- N , (8.3) 

while for \z\ > 2R and e G (0, 1] 

|po, e (s)| >cA(z)~ m e N . (8.4) 
Now we want to prove the following statement: 

V7 G N 2n , 3c 7 > : Vz G K 2n , Id > i?, Ve G (0, 1], 

(8.5) 

<c y |ar 1 (z)|A(z)-"H. 

The case 7 = is obvious. So we assume that (8.5) is valid for | 7 | < M and we want to verify 
the same assertion for \j\ < M + 1. At first we differentiate the equation 

a € {z)a-\z) = l, (8.6) 

for \z\ > R and e G (0,1]. We obtain applying the Leibniz rule 

a e (z)d~<a-\z) = - £ ia^aVC*). (8-7) 

a+/3=7 
/3<7 

As a consequence 

gV^) _ V 7! d a a e {z)d^a 7 \z) 
a7\z) a ^ =7 «'/3! *e{z) a7\z) ' 

/3<7 

We estimate the left-hand side of (8.8) using the hypothesis of hypoellipticity of (a e ) e and the 
induction hypothesis. In this way (8.5) holds. This result easily implies 

\d^p 4z)\ < c' y A(z)- l -^e- N , z G R n , e G (0, 1] (8.9) 
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and 

|d 7 Po, £ (*)l < c 7 bo,eW|A(z)-^l, \z\ > 2R, e € (0, 1]. (8.10) 

Collecting (8.3), (8.4), (8.9) and (8.10) we conclude that (p ,e)e € hs T£,n- 
ii) We write 

aW*)*^*)) = E ^9> 0>£ (^^a e (z). 

a+/ 3=<5 P - 

From (8.5) and (8.2) we obtain for all z € M 2n 

^(po,^)*^*))! < £ ^c a l [i?j+oo) (|z|)|a7 1 (z)|A(z)-^l C/3+7 |a e (z)|A(z)-^l 

Q+/3 =5 (8.11) 



< c*A(z) 



-p| 7 +<5| 



where 1[r 5 +oo) is the characteristic function of the interval [R, +oo). 

ra) The conclusion follows easily from a direct application of (8.1), (8.2) and the Leibniz formula. 

□ 

Theorem 8.1. Let A be a pseudo-differential operator with hypoelliptic symbol (a e ) e € HS™'^ N . 
Then there exists a pseudo- differential operator P with symbol (p e )e G <?a p N suc ^ that 

PA = n f ,1 I + _Rl , 
g.t.d. T 1, 

AP = g . t . d . I + R 2 , 
where R\ and R 2 are operators with S-regular kernel. 
P is called a parametrix of A. 

Proof. We will find a suitable symbol (p e )e by an asymptotic expansion and then applying The- 
orem 4.1. At first from Proposition 8 
proposed in [22], we define for k > 1 

= £ { -^d2a e dJ Pl Ap , e . (8.13) 

j<k 

We prove by induction that {pk,e)e G S^ l ~^f k . For fc = lwe have 

= -{ E ^r^5> e a^ ,Xo, £ (8.i4) 

l |7l=l 7 ' J 

and since (<92a e £>o,e)e G <^Apo' (P ro P- 8.1, point ii), (dJpo te ) € € •S^pN^i we conclude that 
(pi,e)e G <S\ l pN P - Now we assume that for j < fc, (pj, e ) e G 5^'"^. We write 



orem 4.1. At first from Proposition 8.1, point i), (po,e)e G HS A 1 ' ™- Following the construction 



Pk,< 



V U,| !_„■— I. _L.1 ' ' J 



'\"f\+j=k+l 
j<k+l 



37 



(dxa e po,e)e G 5 a ^'q' and, by induction hypothesis, (djpj :t ) € G S\ p ^ P ' 7 '- As a consequence 
(Pfc+i, 6 ) e G 5^p"J p{fc+1) . At this point 

oo 

X>, e ) £ G ^,iV (8.15) 

and Theorem 4.1 allows us to find a symbol (p e ) e G <S^ l p N such that (p e ) e ~ Z)j(Pj,e)e- 

Let P be the pseudo-differential operator with symbol (p e ) e . Let us consider the composition 

PA. From Proposition 7.4 and Theorem 7.1 

PA = g . t . d . (PA)!, (8.16) 

where (P-A)i is a pseudo-differential operator with symbol (&o,e)e G ^Ap2N anc ^ 

W e ~E^(^ftMW e - (8-17) 

We want to show that (&o,e — l)e £ pW- ^ ^ rs ^ f rom the definition of asymptotic expansion 
it follows that for all M G N, M ^ 

" E ^ D >^ e ^-^ M - (8-18) 

|a|<M 

Introducing in (8.18) the asymptotic expansion of (p e ) e we have 

^- E -V^>^ 



a! 

|a|<M 



M-l 



= W " E E " E ^r M , e D2a e . 

\a\<M ' j=0 \a\<M 

Since (d^rM,eD^a e ) e G S^~ l 2 ^ p ^ M+ ' a '\ we obtain combining (8.19) and (8.18), that 



(8.19) 



K " E E G ^ 2pJM 



(8.20) 



H<M j=0 

Now we observe that 

M-l M-l 



E E = ^o, e a e + Yl \ + E —^Pi^x^ f 

H<M ' j=0 k=l ^ \a\+j=k ' J 



+ E ^>°s*- 

\a\+j>M 
\a\<M,j<M 



(8.21) 



We recall (8.13) and the equality, po,e a e = 1> f° r M > 2P and e G (0,1]. As a consequence, 
under the assumption \z\ > 2P, we obtain from (8.21) 



M-l 



E h D> * E = 1 + E ^Pj,eD>e, (8.22) 



H<M j=0 |a|+j>M 

\a\<M,j<M 
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where the sum on the right-hand side of (8.22) is an element of S\p~2N P . Due to the properties 
of (po,e)e and continuity over compact sets of the functions involved in (8.22), we can omit the 
hypothesis \z\ > 2R. In conclusion 

, m-i . 

E h D> ^ E d t^ - 1 ) € 5-^. (8.23) 

>|<M ' j=0 7 e 



Combining (8.20) with (8.23), we conclude that for all natural M^O, the difference (&o,e — l)e 
belongs to S™~^ pM and then (6 0)£ - l) e G S A™,2N- 

In order to complete the proof we observe that the pseudo-differential operator having as symbol 
1, is equal in the weak sense to the identity. In fact for all u G Q Tj s(R n ), as a consequence of 
Proposition 6.2, 

/ e l ^y^u e (y)^(y) dy<% + M s (R n ) 

= 9 .t.d. [ e^-^u e {y)^ e {y)^{0dy^ + N S {^ n ) ^ 

JR 2n 

= g.t.d. -F p-F pU = g.t.d. U. 

Therefore, PA = g ,t.d. {PA)i = g .t.d. I + Ri, where i?i is an operator with 5-regular kernel. 
Analogously we can construct (q e ) t G S^ l p N and the corresponding pseudo-differential operator 
Q such that AQ = g ,t.d. I modulo some operator with 5-regular kernel. Since, as in the classical 
theory, the difference P — Q has smoothing symbol, we conclude that there exists an operator 
R2 with 5-regular kernel such that AP = g ,t.d. I + R.2- D 

We conclude this section with the typical result of regularity obtained by the existence of a 
parametrix. 

Theorem 8.2. Let A be a pseudo-differential operator with hypoelliptic symbol (a e ) e G HS^' p l N . 
Ifu G g T ,s{ Rn )> v G g^{R n ) and 

Au = v, (8.25) 
then u is equal in the weak sense to a generalized function in Qg'(R n ). 
Proof. We consider the parametrix P of A. (8.25) implies 

PA(u) = Pv. (8.26) 
Since PA = g .t.d. I + Ri, where R\ has 5-regular kernel 

{I + R l )u= g . tA .Pv (8.27) 

and then 



-g.t.d. 



-Riu + Pv, (8.28) 



with — R\u + Pv G Qg > (R n ). In fact —R\u G Q^ 3 (W l ), since R\ is an operator with 5-regular 
kernel, and Pv G Q^(R n ), because v G g™(R n ) and P maps <7jP(R n ) into 0jP(R n ). □ 

Inspired by [4, 5] we can call a linear map A from Q Tj s(R n ) into Q Tt s(R n ) satisfying the assertion 
of Theorem 8.2, globally hypoelliptic in the weak (or g.t.d.) sense. 
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Proposition 8.2. Let a be a classical symbol belonging to H<S™' p and let A be the corresponding 
pseudo-differential operator. If 

Au = g .t. d . v, (8.29) 

where u G Q Tj s(W l ) and v G Qg > (W a ), then u is equal in the weak sense to a generalized function 
m^(K"). 

Proof. It is sufficient to observe that if A is denned with a classical symbol then the operator 
P involved in (8.12) has a classical symbol too. Therefore, from Corollary 6.1 and Theorem 8.1 
we obtain that Pv = g .t.d. PAu = g .t.d. u + R\u, where Pv and R\u belong to Q^ ) (W l ). □ 

The following proposition shows the consistency with the classical regularity result mentioned 
in the introduction. 

Proposition 8.3. Let a be a classical symbol belonging to HS™' 1 Q , let A be the corresponding 
pseudo- differential operator and u and v tempered distributions. If 

A{i{u)) = g . tA . i(v), (8.30) 

where i(v) G g^(R n ) then u G S(R n ). 
Proof. As in the proof above, we can write 

1{U) =g. t .d. P{l{v)) ~ Rl{l{u)), 

where P and R\ have classical symbol of order —I and — oo respectively, and from Theorem 2.1, 
v belongs to <S(M n ). Since from Corollary 6.2, P(i(v)) — Ri(i(u)) = g .t.d. i(Pv — Riu), we conclude 
that i(u) is equal in the weak sense to a function in S(M. n ). This means that u G <S(IR n ). □ 

Let us finally give some examples of hypoelliptic symbols. The classical hypoelliptic and elliptic 
symbols introduced in [4, 5] can be considered as elements of HS™' p l and ES™ p Q independent 
of e. Moreover if a(z) is a hypoelliptic or elliptic symbol as in [4, 5], we can easily construct a 
symbol satisfying Definition 8.1, writing a e (z) = e b a(z) with b G M. In order to obtain examples 
with increasing generality we first prove the following proposition. 

ml ' ' 

Proposition 8.4. Let (a e ) e G HS™' N and (b e ) e G 5™ , with m < I. Then the symbol 
a e {z) -\- e N+N b e (z) belongs to HS™p N . 

Proof. Let us first assume (b e ) e G 5™ pQ . We begin by observing that since (e N b t ) e G 5™ p0 C 
$ApN t nen a- e (z) +e N b e (z) belongs to <S™ p7V . Before checking the estimate (8.1) and (8.2), we 
remark that m < I implies the statement 

Vc> 0, 3R > : VzG R 2n , \z\ > R, A(z) m ' < cA(z) 1 . 

This result combined with the definitions of (a e ) e G HS™' p N and (b e ) e G S™ p allows us to infer 
the existence of a constant R' > such that for all z G R 2n with \z\ > R' and for all e G (0, 1] 

\a £ (z) + e N b e (z)\ > \a e (z)\ - e N \b e (z)\ > Cl e N A(z) 1 - c 2 e N A(z) m ' > e N ( Cl A(z) 1 - |-A(z) z ) 

= |^A^- 

(8.31) 
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We consider now 7 <G N 2n , 7 / 0. Under the assumptions \z\ > R' , e G (0, 1] 

|9 7 (a e (z) +e*6 e (z))| < c(\a £ {z)\A(z)- p ^ + e N A(z) m ''^) = cA(z)- p ^(\a £ {z)\ + e N A{z) m '). 

(8.32) 

From (8.31) it follows that 
\a e (z)\ + e N A(zr < i + \e N b e (z)\ + e N Ajz)™' < x + e"(|6 e (*)| + A(z) m ' ) 



\a t (z)+e N b t (z)\ ~ \a £ {z) + e N b £ {z)\ ~ e N fA(z) 1 

e N (c 2 + l)A(zr , , 

(8.33) 

and therefore, substituing (8.33) in (8.32), we obtain that 

\d^{a £ (z) +e N b £ (z))\ < c" A(z)- p ^\a £ (z) + e N b £ (z)\, for \z\ > R' , e G (0,1]. (8.34) 

The proof for a general (b £ ) £ G $™ pN ' wrtn < Z is now immediate. In fact if (b £ ) £ G S™ pN > 

then (e w 6 e ) e G 5™p0 and for the symbol a £ (z) + e N (e N b £ (z)) we can repeat the previous 
arguments. □ 

Remark 11. HS™ p l N is a subset of HS™ p M for M > N. As a consequence if (a £ ) £ G HS™ pN 
and (b £ ) £ G S™ ^ with m < I, the symbol a £ {z) + e M+N ' b e (z) belongs to HS™f p M for M > N. 

Classically we find interesting examples of hypoelliptic symbols considering polynomials of the 
form J2 a eA CaZa wnere A is a finite subset of N 2ri and c a G C. In the sequel we collect some 
classical results and examples, referring for details to [4, 5]. 

Example 1. Standard elliptic polynomials 

Fix an integer m > 1. Defining the weight function A(z) = (z), we have that a(z) = ^|a|<m c a za 
belongs to ES™ 10 iff '^2\ a \ =m c a z a 7^ for z 7^ 0. For z = (x,£) G M 2 , simple examples of 
standard elliptic polynomials are given by 

x rn + i£ m , m positive integer 

and 

x m + £ m , m even positive integer. 

Example 2. Quasi-elliptic polynomials 

Fix a 2n-tuple M = (Mi, M2 n ) of positive integers. 

Let us write fx = maxj Mj and m = (mi, ...,m2 n ) with mj = yu/Mj for j = 1, 2n. Choosing 
the weight function A(z) = (1 + E^zf ')^> «(^) = E a . m <^c a z a belongs to £<S£ 10 iff 
E tt . m=(J 7^ for z / 0. 

A simple example of a quasi-elliptic polynomial is given for z = (x, f ) G M 2 by 

£ h + rx fc , 

where r G C with Or 7^ 0, h, k are positive integers, M = (k,h) and A(x,£) = (1 + x 2fe + 

£2/l^ 2 max : _ 
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At this point we may also consider a e (z) = e N a(z) with a(z) = ^2 ae ^CaZ a a standard elliptic 
or quasi-elliptic symbol. For a suitable weight function A and a suitable order k we obtain an 
element of ES\ 1 N . 

Finally we look for hypoelliptic symbols in the more general family of polynomials YlaeA c a,eZ a 
having coefficients (c a ^) e G £ ,m- We start with the following generic situation. 

Example 3. Let ^2 ae ^c a z a be a hypoelliptic symbol in HS™' p l with coefficients c a G C. Let 
J2 a eA' c a,e za be o, polynomial with coefficients (c a e ) e G £ ,M> which belongs to <S™^ N , for certain 
m'el and N' G N. If m < I we know from Proposition 8.4 that 

e N c *z a + e W J2 ( 8 - 35 ) 

aeA a(i X 

is an element of HS™ p N . 

In order to present concrete examples we need a technical lemma. 
Lemma 8.1. 

i) Let Yl\ a \<m c 'a,e za be a polynomial with coefficients (c' a e ) e G £ ,M, i-e. 

Va G N n , |a| < m , 3N' a G N, 3c' a > : Ve G (0, 1], \c a J < c a e~ N '«. (8.36) 

Then (£| a |<m' V") e G w/iere A ( Z ) = ( Z ) and ^ = maX |a|<m' N »- 

ii) Let M G N 2n ; m G (R + ) 2n ; ji G N 6e given as in Example 2. Let J2 a -m<^ c 'a,t za be a 
polynomial with coefficients (c a e ) t G £ ,m as in (8.36) . Then E a -m<// c a,e z °)t e<S> ^ 1N " 
where A(z) = (1 + ££1 zf^ and A=max Q . m <^ <. 

Proof. In the first case it is sufficient to apply Proposition 4.4. We can easily prove the second 
statement recalling that for A(z) = (1 + and for a G N 2n , \z<*\ < A(z) a ' m (see [4], 

Lemma 8.1, Example 8.2). □ 

Combining the previous lemma with Proposition 8.4 and Example 3 we arrive at the following 
final example. 

Example 4. Let a be a standard elliptic polynomial in ES™ 1 with A(z) = (z) and let 
Yl\ a \<m' c 'a,e za be a polynomial with coefficients in £ ,m and m < m. There exists a natural 
number N' such that for all N G N, the symbol 

e N a(z) + e N + N ' £ c a , £ z° 

\a\<m 

belongs to ES™ lN . Analogously if a is a quasi- elliptic polynomial in ES^ 10 with A(z) = 

(1 + Y^=i %2 j Mj ) ^ an d ^2 a -m<ix' c 'a,t za ^ s a polynomial with coefficients in £ ,m and fx < fx, 
then there exists N' G N such that for all N G N 

e N a(z) + e N + N ' £ c' a>e z" 

a-m<ij, 

belongs to ES 1 ^ l N . 
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In conclusion we consider a partial differential operator Y2(a p)&A c a,/3 x0l D^ with coefficients 
Ca,/3 £ C and D 13 = (—i)^d^. It is a linear map from Q T) s(W l ) into £/ Ti s(R ra ). As proved 
in Proposition 4.4 for any weight function A, there exists r <G R such that the polynomial 
S( a /3)g„4 c a,i3X a ^ G C[x,£] can be considered as an element of the factor S r K1 nI-^kii f° r a 
suitable N depending on the coefficients c Qj/ g. In the sequel we shall investigate the regula- 
rity properties of such a partial differential operator using the tools provided by the pseudo- 
differential calculus. 

Lemma 8.2. Let Yl( a (3)eA c a,/3 xC "D^ be a partial differential operators with coefficients in C, 

let (a t (x,^)) e := ( 0)eA c a,/3,e xa ^)t £ ^a p n' ^ e a s V m b ^ obtained from the polynomial 

S(q p)£A c a,f3 x01 ^ an d A the corresponding pseudo- differential operator. For all pseudo-diffe- 

rential operators P with regular symbol (p e )e £ ^\ n" an ^ a ^ U ^ ^ T <s0^ n ) the following 
weak equality holds: 

P{ E c a , p x a Df U )= g _ td .PAu. (8.37) 
(<*,p)eA 

Proof. At first note that (A e u e ) e = /3)eA c a,/3,e xa D 13 {v-e^pl^e is a representative of Au. We 
have to show that for all / G <S(R n ), 

V / f(x) [ e^-^p e (x,£)c QAe y a [Z^ 
( a ,f3)eA jRn jR2n 

defines an element of M - Changing order in integration we get for each (a, (3) G A 

CaAel [ e^-yKp e (x,0f(x)dx3Zy a DP(u e -u e -&)(y)-&(y)dy, (8.38) 

where (g e (y)) e := (/ K 2n e l<yX ~ y ^p t {x, £)f(x) dxd£) e belongs to £J°(R n ) since (p e ) e is a regular 
symbol. Using integration by parts we rewrite (8.38) as 

(-l f l c a ,f3, e [ D^g e (y)y a ^(y))u e (y)(^(y) - 1) dy. (8.39) 

Taylor's formula applied to (p at 0, combined with the properties of (g e ) e G £J°(R n ), gives us 
the estimates characterizing M in (8.39). □ 

Proposition 8.5. Let Yl( a c a ^x a D^ be a partial differential operator with coefficients in 
C. If there exists a representative (a e (x,£)) e := {J2( a ,(5)eA c a,f3,eX a ^) e °f E( Q ,/3)e.A c a,px a ^ 
belonging to the set HS 7 ^'^ N of hypoelliptic symbols, then 

c a ,fsx a D^u = v, (8.40) 
(a,/3)eA 

where u G Qr^iW 1 ) and v G £/J?(R n ) ; implies that u is equal in the weak sense to a generalized 
function in £J?(R n ). 

Proof. Let A be the pseudo-differential operator with symbol (a e ) e and let P be a parametrix 
of A. From Lemma 8.2, Pv = P(T,( a ,/3)eA c ^ xaDPu ) =g.t.d. PAu, where Pv G £J?(R n ). We 
complete the proof recalling that from Theorem 8.1 there exists an operator R\ with 5-regular 
kernel such that Pv = g .t.d. u + R\u. □ 
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